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To my parents, with love and respect
Abstract
We analyze some systematics of the coupling constant dependence of correlators
in N = 4 Yang–Mills, which is the world–volume theory on D3-branes. We use
the fact that the operator Oτ that generates infinitesimal changes of the coupling
constant in this theory sits in the same supermultiplet as the superconformal
currents. We show how superconformal current Ward identities determine a class
of terms in the operator product expansion of Oτ with any other operator. In
certain cases, this leads to constraints on the coupling dependence of correlation
functions in N = 4 Yang–Mills. As an application, we demonstrate the exact
non-renormalization of two and certain three-point correlation functions of BPS
operators. We next approximate these integrated correlators by using a truncated
OPE expansion. This leads to differential equations for the coupling dependence.
When applied to a particular sixteen point correlator, the coupling dependence
we find agrees with the corresponding amplitude computed via the AdS/CFT
correspondence. We conjecture that this truncation becomes exact in the large
N and large ’t Hooft coupling limit. A geometric description of electric–magnetic
duality in N = 4 Yang–Mills leads naturally to M5-branes in M theory. The
self–dual string soliton in M theory given by M2-branes ending on M5-branes,
gives the magnetic monopole in N = 4 Yang–Mills, given by D1-branes ending
on D3-branes. We propose an equation that describes these M2-branes ending
on M5-branes, and which generalizes the description of the D1-D3 system via
Nahm’s equation. The simplest solution to this equation constructs the transverse
geometry in terms of a fuzzy three sphere. We show that the solution passes a
number of consistency checks including a calculation of the energy of the system,
matching to the self–dual string solution in the M5-brane world–volume, and
a study of simple fluctuations about the ground state configuration. We write
down certain terms in the effective action of multiple membranes, which includes
iii
iv
a sextic scalar coupling.
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A consistent quantum theory of gravity and gauge interactions is necessary to
explain the fundamental forces of nature around us. Ten dimensional superstring
theory [1–5] is believed to be a candidate theory for such a unified description
of nature. As has been discovered over the years, string theory is more than
just a theory of fundamental strings. It also contains various extended objects
called NS5-branes and Dp-branes. Understanding the dynamics of the string and
these branes both in perturbation theory as well as non–perturbatively has been
the subject of active research for two decades, and has yielded several striking
insights into the structure of the theory.
The NS5-brane is a hypersurface spanning five spatial dimensions, and it cou-
ples magnetically to B2, the two form potential in the NS–NS (Neveu Schwarz–
Neveu Schwarz) sector of the theory. The NS5-brane has been constructed as
a classical soliton solution of the supergravity equations of motion by Callan,
Harvey, and Strominger who also constructed the world–volume effective field
theory on these five–branes [6–8]. (The construction of string solitons has been
reviewed at length in [9].) The world–volume effective field theory on the NS5-
brane varies from one string theory to the other, which we shall describe in some
detail later. On the other hand, Dp-branes [10, 11] are hypersurfaces that span
p spatial dimensions, and couple electrically to Cp+1, a p + 1 form in the R–R
(Ramond–Ramond) sector of the theory. In perturbative string theory, D branes
admit a description as hypersurfaces on which open strings can end, and so the
world volume effective field theory on D branes is given by supersymmetric Yang–
Mills theory, which can be obtained from the dimensional reduction of N = 1
super Yang–Mills theory in ten dimensions to the appropriate world–volume di-
mension [12]. The admissible values of p in Cp+1 depend on the particular string
1
2theory being considered, and also on whether we are considering BPS (Bogomol-
nyi, Prasad, and Sommerfield) or non–BPS D branes. Studying these objects
which are very heavy compared to the fundamental string at weak coupling has
been an important avenue of research over the past years.
In the limit in which string theory is strongly coupled, M theory [13,14], which
has eleven dimensional N = 1 supergravity [15] as its low energy limit, has been
proposed as the non–perturbative definition of the theory. The quantum defini-
tion of M theory has however remained obscure–Matrix theory [16] (see [17–19]
for reviews) has been suggested as a possible non–perturbative definition of M
theory. M theory contains M2 and M5-branes (hypersurfaces spanning two and
five spatial dimensions respectively) which are charged under C3–a three form
potential that appears in eleven dimensional supergravity. In fact, these electri-
cally (magnetically) charged M2(M5)-branes have been constructed as solutions
to the supergravity equations of motion [20, 21], and their zero mode structure
has been analysed [22]. It is an important problem to define and understand M
theory precisely, and understand the branes that exist in M theory.
One can obtain the various perturbative string theories from M theory [13,14]
and hence they are related to each other by various string dualities (see [23–25]
for reviews). Thus the different perturbative string theories are different limits
of the same underlying theory, and so it is crucial to understand the dynamics of
M theory in order to be able to comprehend the various string vacua in a unified
way, and so quite naturally, the study of duality symmetries has been an active
area of research in recent times.
So clearly it is important to understand the theories associated to various
non–perturbative excitations in string and M theory. In fact this will be the
focus of the next two chapters which form this thesis. One would like to study in
detail the world–volume effective field theories on these branes. These effective
field theories, where one restricts oneself to the zero modes in the theory, are to be
understood in the sense of the Wilsonian renormalization group (RG). That is, one
integrates out all the massive degrees of freedom, to get an effective description of
3the low energy physics in terms of the zero modes. One can then hope to quantize
the fluctuations of these modes and study the quantum moduli space of solutions
in the full theory. (The quantum moduli space can be very different from the
classical moduli space, for example, singularities in the classical moduli space
might be resolved in the quantum theory.) So before beginning to go through
the various details in the next two chapters, let us briefly mention at a very
pedagogical level the motivation behind the work to be described in the next two
chapters. So the next few paragraphs are going to be bereft of any technicalities.
Chapter two is based on the contents of [26, 27]. It involves analyzing some
systematics of the coupling constant dependence in N = 4 supersymmetric Yang–
Mills theory in four dimensions [28, 29]. This theory with sixteen supercharges
is the maximally supersymmetric theory in four dimensions with spin less than
two. In fact, it is a gauge theory where all the interactions are completely fixed by
supersymmetry apart from the choice of the gauge group. All the fields are in the
adjoint representation of the gauge group, and the theory has a global spin(6) =
SU(4) R–symmetry. The bosonic fields in this theory are the gauge field Aµ and
six scalars φA (A = 1, . . . , 6) which transform as the 6 of the global R–symmetry
group. The fermionic fields are Weyl fermions λi and λ¯i which transform as the 4
and 4¯ respectively of the global R–symmetry group. (We have supressed the gauge
group indices, as all of them are in the adjoint representation of the gauge group as
mentioned before.) This theory is perhaps the most widely studied gauge theory
in four dimensions, because of the large amount of supersymmetry it possesses,
which allows it to be an ideal model for testing various perturbative and non–
perturbative aspects of gauge theories. In fact, this theory is ultraviolet finite and
has vanishing β–function [30–36] in perturbation theory, which is believed to be
true even non–perturbatively. So the coupling of the theory is really a “constant”
because it does not change along RG flow and is exactly marginal, and hence is a
true parameter of the theory, because it does not get dimensionally transmuted
into a RG–invariant scale in the theory. The structure of this theory, essentially
because of the fact that it contains sixteen supersymmetries, also makes it an ideal
4setting for studying electric–magnetic duality. This strong–weak coupling duality
was originally conjectured by Montonen and Olive [37] in ordinary Yang–Mills. It
was subsequently conjectured [38, 39] that N = 4 Yang–Mills possesses an exact
SL(2, Z) strong-weak coupling duality. By now, starting with the work of Sen [40],
there is convincing evidence that N = 4 Yang-Mills is indeed invariant under
SL(2, Z) strong-weak coupling duality (see [41,42] for reviews and various details).
The moduli space of this theory is characterized by the vacuum expectation values
of the scalars (we can rotate in SU(4) space such that we choose to give an
expectation value to only one of the scalars). On the Coulomb branch of the
theory, when the vacuum expectation value of the scalar is non–vanishing, the
theory is not superconformally invariant (simply because the expectation value of
the scalar has mass dimension one, which introduces a scale in the theory). In the
phase of the theory in which the vacuum expectation value of the scalar vanishes,
the theory becomes a non–trivial interacting superconformal field theory. At the
superconformal point in the moduli space of the theory, the number of conserved
fermionic symmetries doubles from sixteen to thirty two–due to the presence of
sixteen extra superconformal charges in addition to the already existing sixteen
supercharges.
Understanding the structure of this quantum field theory at its superconfor-
mal point has become relevant more recently in the context of the AdS/CFT (anti
deSitter/Conformal Field Theory) correspondence proposed by Maldacena [43].
In its strongest form, the correspondence states that type IIB string theory com-
pactified on AdS5 × S5 is dual to N = 4 supersymmetric Yang–Mills in four
dimensions. A formulation to make this correspondence precise in order to test
it and understand its structure was developed in [44, 45]. This correspondence
has been the subject of intense research over the past few years, because of the
richness of its content. Its worth recalling some of the salient features of this
correspondence at this stage (see [46, 47] for reviews). This is a correspondence
between a gravitational theory (string theory on a certain background) and a
non–gravitational theory (a gauge theory). Type IIB string theory on this back-
5ground preserves all if its thirty–two supersymmetries, which is also true for su-
perconformal N = 4 Yang–Mills. The isometry group of AdS5 which is SO(4, 2)
is also the conformal group in four dimensions. In fact, after introducing the
conserved fermionic charges, this forms the bosonic subgroup of the supergroup
SU(2, 2|4) (the details of the contents of this group are mentioned in appendix
A). Also the isometry group SO(6) (we have to actually consider its double cover
spin(6) = SU(4)) of transformations of S5 becomes the R-symmetry group of
N = 4 Yang–Mills. In fact, using the fact that N = 4 Yang–Mills is the world–
volume theory on multiple D3-branes, we see that the global SO(6) rotates the
six transverse scalars among themselves. Also there is a precise one–to–one map
between the other parameters in both the theories. In this correspondence, the
theory which lives on the boundary of AdS5 is N = 4 Yang–Mills. So it is relating
the dynamics of a bulk theory in five dimensions to that of a boundary theory
in one less dimension–providing a concrete realization of holography [48, 49] in
string theory.
Though the conjecture is rather precise, it is however difficult to verify it in
generic cases. This is because on the string theory side of the correspondence,
calculations can be done at weak coupling and also as a perturbation theory in
α′/R2, where
√
α′ is the string length and R is the radius of S5. So one has to
start with the type IIB supergravity action (which is O(1/α′4)) and consider the
next correction to it and so on (in fact the next non–vanishing term in the α′
expansion is at O(1/α′)). These will be considered in more detail in chapter 2
(see [50] for discussions on the structure of these terms in type IIB string theory).
In fact in most cases the calculation in string theory is done at the supergravity
level only. However, using the prescription for the correspondence, α′/R2 maps
to λ−1/2, where λ is the ’t Hooft coupling in the gauge theory (λ = g2YMM ,
where we are considering SU(M) gauge theory). So perturbing around small
α′/R2 amounts to perturbing around large λ in the gauge theory. Calculating
correlators at large ’t Hooft coupling in gauge theory is a difficult problem. So it
becomes difficult to compute correlators involving generic operators and test the
6validity of the conjecture.
In order to quantitatively understand the correspondence, one has to make
explicit the connection between the bulk theory and the boundary theory, and
this was done in [44,45]. The partition function of type IIB string theory is given
in terms of its fields Φ which take values Φ0 on the boundary of AdS5. Then
the boundary values Φ0 act as sources for gauge–invariant operators in N = 4









Here SIIB is the action for type IIB string theory. SYM is the action for N = 4
Yang–Mills, M includes all the fundamental fields in N = 4 Yang–Mills and O is
a gauge–invariant operator in the field theory.
As mentioned above, it is difficult to compute and compare correlators on
both sides of the correspondence in the same regime of λ, because it is easy to
calculate at large λ on the string theory side (where it is well approximated by
type IIB supergravity), but difficult to do so on the gauge theory side. Similarly
it is easy to compute correlators for small λ on the gauge theory side, but difficult
to do so on the string theory side because quantization of string theory on this
background is not known. So most of the tests of the correspondence amounts
to evaluating correlators which are independent of the coupling and agreement
has been obtained. In fact certain correlators of these protected operators which
are not protected themselves have also been considered and confirms the corre-
spondence. These will be discussed in greater detail in chapter 2. So far there
has been overwhelming evidence in favor of the correspondence. In fact turn-
ing the argument the other way around, this has proved to be extremely useful.
Simply by computing supergravity amplitudes in type IIB, one can get answers
for correlators at large ’t Hooft coupling in N = 4 Yang–Mills. Hence the corre-
spondence has become a powerful tool in computing correlators in Yang–Mills at
large ’t Hooft coupling. So it is an important issue to understand the coupling
7dependence of correlators in N = 4 Yang–Mills in four dimensions, which forms
the basis of chapter 2. After an analysis of the coupling constant dependence
of correlators, we move on to make a specific truncation of the OPE (Operator
Product Expansion) in these theories to understand in general certain types of
correlators in Yang–Mills at large λ directly from field theory, without using type
IIB string theory. We compute one such correlator in Yang–Mills and obtain
precise agreement with gravity.
It is natural to ask if the SL(2, Z) duality of N = 4 Yang–Mills can be geomet-
ric in origin. For simply-laced gauged groups, this duality can be understood by
viewing N = 4 Yang-Mills as a torus reduction of the six dimensional (2, 0) chiral
tensor theory [51–53]. The SL(2, Z) duality group then corresponds to the group
of global diffeomorphisms of the compactification torus. In fact the (2, 0) inter-
acting chiral tensor theory is the world–volume theory on multiple M5-branes
in M theory. Taking M theory and compactifying the tenth spatial dimension
on a circle and taking the circle to zero size gives type IIA string theory. M5-
branes wrapping the circle give D4-branes in type IIA. T–dualizing along one of
the world–volume directions of D4-branes gives us D3-branes in type IIB string
theory. Thus we are naturally led to M theory and M5-branes while trying to
understand SL(2, Z) duality in N = 4 Yang–Mills.
In fact all of the closed string theories and M theory contain five branes–in
that sense they are fundamental objects. Let us briefly discuss what is known
about their world–volume theories. Restricting ourselves only to BPS five branes,
it is easy to see that all five–branes (except the heterotic five branes) have world–
volume theories with sixteen supercharges. (A survey of theories with this many
supercharges is given in [54].) Type IIB string theory contains both D5 and NS5-
branes. The world–volume theory on type IIB NS5-branes is a non–chiral (1, 1)
theory [7] which has the same zero modes as the theory on D5-branes–in fact,
D5 and NS5-branes are interchanged under the SL(2, Z) symmetry of type IIB
string theory. The structure of the heterotic NS5-branes depends on the choice of
the gauge field. For the “neutral” five brane [6, 55] the gauge field vanishes and
8the world–volume theory has four bosonic zero modes (from broken translational
invariance) and eight fermionic zero modes. For the “gauge” five–brane [56, 57],
the gauge field is that of an instanton embedded in an SU(2) subgroup of E8×E8
or SO(32) , and there are 120 bosonic and 240 fermionic zero modes in the world–
volume theory. The same is the answer for the “symmetric” five–brane [6]. These
have been understood as different points in the moduli space of heterotic five–
branes following the work of Witten on small instantons [58] in SO(32) heterotic
string theory. Unlike these five branes, the type IIA NS5-brane and the M theory
M5-brane are much less understood. The type IIA NS5-brane can be obtained
from the M theory M5-brane by compactifying the M theory direction such that
the M5-brane is not along that direction. So one of the five transverse scalars
for the M5-brane becomes a periodic scalar for the NS5-brane. In type IIA, this
scalar arises from the R–R sector of the theory [7].
So let us focus on the M5-brane in M theory. The effective theory on a
single five–brane involves five transverse scalars, and a two form b2 with self–
dual field strength (h3 = db2 = ∗h3). The fermionic superpartners are such
that the world–volume theory has (2, 0) supersymmetry. Interestingly, the chiral
IIB theory has a non–chiral NS5-brane, while the non–chiral IIA theory has a
chiral NS5-brane. The theory of multiple five–branes is an interacting chiral
tensor theory, and is not known. However, certain properties of the five–brane
theory are known, and let us briefly mention them. The five–brane theory is
a chiral theory, and it is important that this theory be free of anomalies to be
consistent quantum mechanically. Here by anomalies we mean the anomalies
under diffeomorphisms in both the tangent and the normal bundle to the five–
brane. The anomaly receives contributions from both the chiral fermions as well
as the two form, and one can compute the anomaly using descent formalism [59,
60]. The tangent bundle anomaly cancels [61] using anomaly inflow [62] from a
one loop term in eleven dimensional supergravity [63, 64]. To cancel the normal
bundle anomaly one has to properly regularize the Chern–Simons term in the
supergravity action in the presence of five branes [65]. This suitably regularized
9term precisely cancels the normal bundle anomaly using an identity due to Bott
and Cattaneo [66]. (See [67] for a review.) One can do the anomaly analysis
without knowing the microscopic theory on the five–branes because anomalies
can be viewed as infrared (IR) effects. It is believed that the five–brane theory
flows to a non–trivial superconformal field theory in the IR with N 3 degrees
of freedom, where N is the number of five–branes [68–72]. Due to the lack of
understanding of the theory on five–branes, a microscopic derivation of these
results do not exist. Clearly, understanding the M5-brane theory is an important
open problem.
What about the world–volume theory on multiple M2-branes–the other brane
in M theory? For the single M2-brane, it only contains the eight transverse
scalars alongwith their fermionic superpartners. However, the theory on multiple
M2-branes is not known. It is believed that the membrane theory flows to a non–
trivial superconformal field theory in the IR with N 3/2 degrees of freedom, where
N is the number of membranes [68, 69]. Again understanding the microscopic
membrane theory remains an unsolved problem. We shall return to this problem
in chapter 3.
We have been discussing the various extended objects in string theory and
M theory for the case where they all extend infinitely. It is possible to have
supersymmetric configurations involving branes ending on branes in both string
and M theory [73–75]. In fact chapter 3 of the thesis which is based on [76]
involves such a configuration in M theory where we consider membranes ending
on an M5-brane. Let us briefly mention the motivation behind this exercise,
leaving the various details for chapter 3. The boundary of a membrane is a string
in the world volume theory of the five–brane. So multiple membranes ending
on a five brane leads to the theory of such strings in the world–volume of the
five brane. These strings are charged under b2, the two form potential in the
five–brane theory. In fact they carry equal (or equal and opposite) electric and
magnetic charge under this two form potential (because h3 = ∗h3), and so these
strings are self–dual (or anti self–dual). The theory of these self–dual strings is
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not well understood. The hope is to understand the classical moduli space of
these objects, and then quantize it. We make some preliminary observations in
this aspect in chapter 3. We have been guided by analogy to some other system in
string theory which is well understood. We propose an equation which we believe
describes the moduli space of these self–dual strings. We show that it possible
to make some concrete statements about the world–volume theory on multiple
membranes from our analysis.
Chapter 2
Some Systematics of the Coupling Constant Dependence
of N = 4 Yang–Mills and a Curious Truncation
2.1 Preliminaries
As we have mentioned in the introduction, maximally supersymmetric Yang-Mills
in four dimensions has played a central role in the development of duality in both
field theory and string theory. At loci in the Coulomb branch where some non-
abelian gauge symmetry is unbroken, there exists an interacting superconformal
field theory parametrized by a coupling constant τ , given in terms of the Yang-








The superconformal field theory is defined by correlation functions of local oper-
ators. The action of the SL(2, Z) symmetry group on τ is given by
τ → aτ + b
cτ + d
, (2.2)
where a, b, c, d ∈ Z and ad − bc = 1 (more precisely, the symmetry group
is PSL(2, Z) ≡ SL(2, Z)/Z2, due to the the invariance under (a, b, c, d) →
−(a, b, c, d)). As mentioned before, this can be naturally understood by view-
ing N = 4 Yang-Mills as a torus reduction of the six-dimensional (2, 0) chiral
tensor theory. What this picture intuitively suggests is that the coupling con-
stant dependence of correlation functions should be controllable to roughly the
same degree as the space-time dependence. Both dependences originate from
diffeomorphisms in six dimensions. The goal of this work is to explore the ex-




〈O1(x1) · · ·On(xn)〉. (2.3)
To determine the coupling dependence, we want to evaluate
∂
∂τ
〈O1(x1) · · ·On(xn)〉, (2.4)
but this has two distinct contributions. The first comes from the explicit deriva-
tive acting on each operator, while the second corresponds to the insertion of the


























τOτ (z)− τ¯O¯τ (z)
}
. (2.6)
What is special about Oτ is that it sits in the current multiplet of N = 4 Yang-
Mills, together with the stress-energy tensor, the supercurrents and the SU(4)
R-symmetry currents [77, 78]. This is in agreement with our higher-dimensional
intuition and will play a crucial role in our analysis.
Although Oτ is not a current, we will show that its OPE with any other
operator is special in the same way that a current OPE is special. For example,
for a scalar operator O(y), this OPE takes the schematic form (suppressing all
indices and details)
Oτ (x)O(y) ∼ 1|x− y|2{Q, [Q, {Q¯, [Q¯,O(y)]}]}
+
1
|x− y|{Q, [Q, {Q, [Q¯, {Q¯, [Q¯,O(y)]}]}]}+ . . . .
This expression captures all local operators in the same supermultiplet as O(y).
It omits operators that live in different supermultiplets. The precise form of the
13
OPE is derived in section 2.3.2. The OPE coefficients are, a priori, arbitrary
functions of the coupling. It is important to note that the most singular term we
might have expected, 1/|x− y|4, does not appear on the right hand side.
The determination of this OPE leads to a number of results. In this paper, we
will show that the structure of the OPE together with superconformal Ward iden-
tities leads to a non-renormalization theorem for two-point functions of 1/2, 1/4
and 1/8 BPS operators. We also show the exact non-renormalization of three-
point correlators of 1/2, 1/4 and 1/8 BPS superconformal primary operators.
This non-renormalization result extends to three-point functions of superconfor-
mal descendents of the current multiplet via the results of [79]. However, it is
difficult to extend our argument to three-point functions of generic BPS opera-
tors. In cases where there are no instanton corrections to a given correlator, we
give an argument in section 2.4.4 for exact non-renormalization. It is an inter-
esting open question to prove (or disprove) exact non-renormalization for generic
BPS three-point correlators.
This non-renormalization result, originally conjectured for 1/2 BPS super-
conformal primary operators in [80] and verified at one loop in [81,82], has been
argued using an on-shell superspace formalism [83–89]. The non-renormalization
of two and three-point functions involving 1/4 BPS operators has been conjec-
tured and verified at one loop in [90, 91].
In section 2.4.4, we show that the OPE coefficients between Oτ and any BPS
operator are not renormalized. This leads to a pretty formula for the integrated




O′i(x) + . . . , (2.7)
where O′i is also BPS and sits in the same supermultiplet as O. The omitted
terms involve long and semi-short operators. We shall discuss a much stranger
renormalization result later based on [27]. It might also be possible to use our
results to study the bonus U(1)Y predictions described in [77, 92] and perhaps
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study extremal correlators [93].
2.2 Short and Current Multiplets
2.2.1 The structure of the multiplets
The superconformal symmetry group of N = 4 Yang-Mills is generated by sixteen
real supersymmetry generators which we denote by Qiα, Q¯
i
α˙ where i = 1, . . . , 4
and α = 1, 2. Our notation closely follows that of [94]. In addition, there are
sixteen superconformal charges S iα, S¯α˙i and an SU(4)R symmetry with generators
Rij. The structure of the superconformal algebra is given in Appendix A.
There are superconformal multiplets of different sizes. A multiplet contains
a state of lowest conformal dimension which is annihilated by both the super-
conformal charges and by the generators of special conformal transformations,
Kµ. These properties define the (unique) superconformal primary state, which
we characterize by its SU(4)R Dynkin labels [k, p, q] (k, p, q ≥ 0) and its spin
quantum numbers (j, ¯) under Spin(3, 1) ≈ SU(2)L⊗SU(2)R. This state cannot
be obtained by acting on any other state with combinations of Qiα or Q¯
i
α˙. We
denote this state by |k, p, q; j, ¯〉hw.
By acting on this state with Qiα, Q¯
i
α˙, we generate the remaining states in the
multiplet. These states (including the superconformal primary) are conformal pri-
maries. Acting further on these states with Pµ generates conformal descendents.
In this way, we construct the entire multiplet. If the superconformal primary is
annihilated by some of the supersymmetry generators, the multiplet is reduced
in size. It is akin to a BPS particle. For example, if all the supercharges kill
the superconformal primary then it must be the unique vacuum state. Standard
short representations are annihilated by eight supersymmetry charges (hence 1
2
BPS) [95]. If the superconformal primary is not annihilated by any supercharges
then the multiplet is long.
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For a short representation, following [94], we choose a basis where
Qiα|k, p, q; j, ¯〉hw = Q¯jα˙|k, p, q; j, ¯〉hw = 0, (2.8)
for i = 1, 2 and j = 3, 4. We are free to act on the superconformal primary state
by any of the remaining eight supersymmetry charges. As derived in Appendix B,
a superconformal primary has quantum numbers [0, p, 0](0,0) in the terser notation
[k, p, q](j,¯) and conformal dimension ∆ = p.
The Q, Q¯ operators can be used to build a multiplet ‘up’ by acting on the
superconformal primary. On the other hand, the S, S¯ operators move us ‘down’
the multiplet. The details of the structure of the multiplet can be depicted
pictorially as has been done in [79]. There all the conformal primaries have been
tabulated beginning with the superconformal primary [0, p, 0](0,0) for all p ≥ 2.
The diagram is complicated and we no do need the details for our purposes,
and so we shall not reproduce it here. We do need the details for the current
multiplet, and we shall mention the contents of the current multiplet soon. It is
worth noting that the dimension of the short representation [0, p, 0](0,0) is equal
to 64
3
p2(p2 − 1), and the conformal dimensions range from p to p + 4.
Let us now discuss the particular case of p = 2 which is central to our later dis-
cussion. We shall also see how multiplet shortening occurs for this multiplet. This
is a 256-dimensional representation consisting of 128 bosonic and 128 fermionic
degrees of freedom. The diagram for the current multiplet is given by equation
(6.13) in [94]. There actually seems to be a difference between the diagrams for
arbitrary p (on explicitly substituting p = 2) and p = 2, which we now explain.
First, there are twelve representations in the diagram for arbitrary p which in-
volve p−3 as a Dynkin label and they are absent for p = 2. This actually follows
from the Racah-Speiser algorithm discussed in Appendix B. One can show that
all SU(4) representations characterized by a highest weight state with −1 as a
Dynkin label vanish using (B.12) in the tensor product decomposition (B.11).
Second, there are nine representations with p−4 as a Dynkin label. For p = 2,
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using the Racah-Speiser algorithm, it can be shown that five of them vanish in the
diagram for arbitrary p and so do not appear in equation (6.13) in [94]. The four
surviving ones are: [2,−2, 2](0,0) with ∆ = 4, [2,−2, 1]( 1
2









) with ∆ = 5 and we have removed these representations
from the p = 2 multiplet leading to multiplet shortening.
The reason we remove these representations is that they vanish after we im-
pose current conservation. In constructing the on-shell short multiplet, we will
impose current conservation. Without the on-shell condition, the dimension of
the multiplet would be incorrect. This will become explicit when we discuss the
operators corresponding to this representation. As an aside, note that for p > 2,
there is no multiplet shortening. For p = 3, the representations for arbitrary p
which have p − 4 as a Dynkin label vanish directly by the Racah-Speiser algo-
rithm; we do not have to impose the equations of motion. For higher values of
p, all the Dynkin labels which appear for arbitrary p are non-negative and again
there is no multiplet shortening.
2.2.2 More on the current multiplet
The p = 2 multiplet is the current multiplet [96]. We will need to identify
operators with the states of equation (6.13) in [94]. The current multiplet contains
the energy momentum tensor Tµν ∼ [0, 0, 0](1,1), the supersymmetry currents
Jµiα ∼ [1, 0, 0](1, 1
2
) and their conjugates J¯
µi
α˙ ∼ [0, 0, 1]( 1
2
,1) and the R-symmetry





Apart from the currents mentioned above, the bosonic operators in the mul-
tiplet are the real scalars Q[ij][kl] ∼ [0, 2, 0](0,0), the complex scalars E (ij) ∼
[0, 0, 2](0,0), Oτ ∼ [0, 0, 0](0,0), their conjugates E¯(ij) ∼ [2, 0, 0](0,0) and O¯τ ∼
[0, 0, 0](0,0). Lastly, there is an antisymmetric 2-form B
[ij]
µν ∼ [0, 1, 0](1,0) and its
conjugate B¯[ij]µν ∼ [0, 1, 0](0,1). It is critical that Oτ sits in this multiplet.
The remaining fermionic operators in the multiplet are the spin- 1
2
fermions
χijk ∼ [0, 1, 1]( 1
2
,0), Λ
i ∼ [0, 0, 1]( 1
2
,0) and their conjugates χ¯i
jk ∼ [1, 1, 0](0, 1
2
) and
Λ¯i ∼ [1, 0, 0](0, 1
2
). These composite operators can be constructed in terms of the
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fundamental fields in the abelian theory [96]. However, for most of our discussion,
we will not need the classical expressions for the operators (note that some of the
operators for the non-abelian theory have been written down in [97]).
Current conservation leads to multiplet shortening as discussed before. To see
this note that















j ∼ [2,−2, 2](0,0).
The conservation of these currents leads to the vanishing of these four represen-
tations.
There are certain aspects of the current multiplet which will be useful later.
We restrict ourselves to the free abelian theory for this part of the discussion. This
restriction imposes no loss of generality since the operators in the non-abelian
theory must satisfy the same algebra. The supersymmetry transformations in
this case (with gauge covariant derivatives going over to ordinary derivatives and















δˆAµ = −i(λiσµη¯i + ηiσµλ¯i), (2.9)
where η is a Grassmann parameter. It will be important to remember that the
supersymmetry transformations are independent of the coupling with our choice
of action (2.6). We can construct the supersymmetry transformations of the


























































δˆOτ = 2iη¯iσ¯µ∂µΛi + iηi(∂µJµi + 2σµσ¯ν∂µJνi), (2.10)
There are similar expressions for the conjugate operators. Note that the terms
ηi∂µJµi and η
iσµσ¯ν∂µJνi in the variation of Oτ do not appear in [96]. This is
because both these terms vanish classically by current conservation and the spin-
1/2 anomaly cancellation condition. However, both these conditions are violated
in the quantum theory; this can be seen by studying Ward identities where the
violation is caused by contact terms. We will analyze this violation in considerable
detail in the following section where it will become clearer why we require these
additional terms in the supervariation of Oτ .
There are a few points worth highlighting in (2.10). First, as expected, the
current multiplet varies into itself. Also, note that Bijµν transforms into J
µ
i , while
E ij does not; this will also be important later. The variation of Qijkl contains no
conformal descendent. On the other hand, Tµν ,Oτ and O¯τ vary only into confor-
mal descendents. The remaining operators vary into combinations of primaries
and descendents.
From the supersymmetry transformations, we see that it is easy to recover
equation (6.13) in [94]. For example, from the variation δˆχijk, we see that Q
acting on χijk gives B
ij
µν and E ij, while acting with Q¯ gives Rµij. The other term
in δˆχijk is a conformal descendent.
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2.2.3 The structure of δOτ
As a matter of notation, we will denote the superconformal primary in the rep-
resentation [0, p, 0](0,0) for arbitrary p by Op. We will also denote the action of Q
by δ and the action of Q¯ by δ¯ as in [77]. Acting on operators, δrδ¯s stands for a
sequence of graded commutators; for example,
δδ¯2O ↔ [Q, [Q¯, [Q¯,O]±]∓]±.
Note that for all values of p, {Q, Q¯} is always zero (and never proportional to
Pµ) for the particular supercharges used in diagram for arbitrary p. Therefore,
starting from Op, we can reach any conformal primary in the multiplet by acting
suitably with δ and δ¯ operators in an arbitrary way (up to an overall sign),
without worrying about the ordering of the operators.
For the current multiplet, it might appear from equation (6.13) in [94] that
δ5 = 0. This, however, is not the case as we will now demonstrate. Consider the
two-point correlator 〈Oτ (x)Oτ (y)〉. We can express this correlator in the form
〈Oτ (x)Oτ (y)〉 = 〈δ(δ3O2(x)Oτ (y))〉+ 〈δ3O2(x)δ5O2(y)〉 (2.11)
where the first term on the right hand side vanishes because δ kills the vacuum.
By computing both sides in the abelian theory, we can determine the structure
of δ5O2 = δOτ .






µν − 4iλ¯iσ¯µ∂µλi + 4ϕ¯ij∂µ∂µϕij
)
(2.12)
where F˜ = ∗F . For clarity, let us first restrict to the terms in Oτ that depend
only on the field strength. We will show that the supervariation of these terms
gives rise to a conformal descendent (the analysis for the other terms is similar).
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Using the supervariations (2.9), we see that




µλiσν η¯i + η
iσν∂µλ¯i)
]
+ . . . (2.13)
where the omitted terms are generated from varying the scalars and fermions
of (2.12). After some lengthy algebra, we can write this as
δˆOτ = 2i(η¯iσ¯µ∂µΛi + ηi∂µJµi) + . . . , (2.14)
which includes one of the terms of δOτ appearing in (2.10) and where
Λiα = (δ










ρσσµλ¯i)α + . . .
)
. (2.15)
The omitted terms again involve (ϕ¯, λ). From the expression for Ji in (2.15), we
see that the spin-1/2 anomaly cancellation condition,
σ¯µJ
µ
i = 0, (2.16)
is trivially satisfied without using the equations of motion and so plays no role in











+ . . . , (2.17)
which vanishes on-shell. After using the Bianchi identity and the equations of
motion (2.17) agrees with (2.13).
Let us compute the left hand side of (2.11) in free field theory. We use the
gauge field propagator in Feynman gauge given by
∆abµν(x− y) =
δabηµν
piτ2(x− y)2 . (2.18)
This satisfies the usual relation ∂2∆abµν(x − y) = −4piτ2 δ4(x − y)δabηµν . Using the
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contraction







ρ − ηνρ∂xµ∂yσ − ηµσ∂xν ∂yρ + ηµρ∂xν ∂yσ]
1
(x− y)2 , (2.19)
we deduce the relations







2 + 8pi4(δ4(x− y))2
]
,











〈(F aµνF µνa)(x)(F bρσF˜ ρσb)(y)〉 = 0. (2.21)














δ4(x− y)}2 . (2.22)
After summing these various contributions, the left hand side of (2.11) yields
〈Oτ (x)Oτ (y)〉 = 3
2
{
δ4(x− y)}2 . (2.23)
The left hand side of (2.11) is non-vanishing – in fact, it is a contact term. What
about the right-hand side of (2.11)? Only the second term can be non-vanishing
and indeed, δ5O2 is a conformal descendent as we see from (2.14).











We now compute 〈Λαi(x) (δOτ )iα(y)〉. There is no sum over i or α, but it is easier











and some lengthy but straightforward algebra to obtain
〈Λ(x)δO2(y)〉 ≡ 〈δ3O2(x)δ5O2(y)〉 = 3
2
{
δ4(x− y)}2 . (2.26)
As had to be the case, this is a contact term in agreement with (2.23).
So from this free field analysis, we see that δOτ ∼ ηi∂µJµi. It is similarly easy
to find the ηiσµσ¯ν∂µJνi term in δOτ as written in (2.10). To see this we consider
the full expression for Oτ in (2.12) and consider its supervariation. Including all
the contributions and integrating by parts, the total contribution gives


















where we define Oi
↔
∂Oj = Oi (∂Oj) − (∂Oi)Oj. The extra terms beyond those
of (2.15) do not satisfy σ¯µJµi = 0 trivially; in fact, they satisfy





which only vanishes on-shell. Using (2.29) to compute ηiσµσ¯ν∂µJνi, we recover
the expression given in (2.27). So (2.27) becomes
δOτ = iηi∂µJµi + 2iηiσµσ¯ν∂µJνi, (2.30)
giving us the desired relation in (2.10). So while δOτ vanishes on-shell, it is
actually non-vanishing because of contact terms. These contact terms can also
be seen from a Ward identity for condition (2.16) which we now deduce.
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2.2.4 Ward identities
Let us begin by recalling the more familiar Ward identities involving the stress-
energy tensor. We will use these identities in the following section. Consider an
operator, ΦI , with conformal dimension ∆I transforming in representation I of
the Lorentz group with generators (Sµν)
I
J . The Ward identities state that,





4(z − xi)〈ΦI1(x1) · · ·ΦIn(xn)〉,









4(z − xi)〈ΦI1(x1) · · ·ΦJ(xi) · · ·ΦIn(xn)〉,





4(z − xi)〈ΦI1(x1) · · ·ΦIn(xn)〉. (2.31)
The first and the last identities express the breakdown of energy-momentum
conservation and conformal invariance. The second equation shows that the stress
tensor is not symmetric at the location of the operators inserted in the correlator.
The Ward identity for the supercurrent conservation, ∂µJ
µ
i = 0, is given by




δ4(z − xj)〈ΦI1(x1) · · · [Qiα, ΦIj (xj)]± · · ·ΦIn(xn)〉. (2.32)
The divergence of the supercurrent is non-zero at the positions of inserted oper-
ators in the correlator.
In order to deduce the Ward identity for σ¯µJ
µ
i = 0, we first consider the Ward
24
identity for the superconformal current I iµα




δ4(z − xj)〈ΦI1(x1) · · · [Siα, ΦIj(xj)]± · · ·ΦIn(xn)〉. (2.33)
We now use the relation between these two currents given in [99] (see [50] for a
recent discussion)
I iµα(x) = xαα˙J¯
iα˙
µ (x). (2.34)
Inserting (2.34) into (2.33), using (2.32) and then taking the conjugate gives
(σ¯µ)




δ4(z − xj)〈ΦI1(x1) · · ·
· · · [S¯α˙i − xα˙αj Qiα, ΦIj (xj)]± · · ·ΦIn(xn)〉. (2.35)
This is the desired Ward identity.
2.3 Constraining the Oτ OPE
2.3.1 Overview
The strategy we will use to determine the Oτ OPE makes use of the Ward identi-
ties of the superconformal currents. More precisely, we start with the stress-tensor
T ∼ δ¯2δ2O2 (2.36)
whose OPE with an operator Φ is in part determined by Ward identities. What
is not determined by Ward identities are local operators in the T (z)Φ(x) OPE
which do not reside in the same supermultiplet as Φ. These can include long, BPS
and semi-short operators. Examples of semi-short multiplets include multi-trace
operators; for an example, see [98]. For example, the Konishi operator, Tr(φ2),
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can appear in the T (z)T (x) OPE but is not determined by Ward identities. Since
this operator is long, its dimension is renormalized. Therefore, whether this term
is singular in the OPE depends on the value of the coupling. This same caveat
will apply to all the OPEs that we determine from Ward identities.
Peeling off a δ¯ in (2.36) results in the OPE of δ¯δ2O2 (which is the supercurrent,
Jαµi) with an arbitrary operator, modulo that caveat mentioned above. Since the
OPE of Jαµi is also determined in part by a Ward identity, this will allow us to
check that the peeling off procedure works. We will then remove the remaining
δ¯ to determine the OPE of δ2O2, which is not a current.
The next step is to construct δ3O2 by applying a δ and recursively using the
known OPE results. Finally, we apply δ to obtain the OPE of Oτ with any other
operator. For a scalar operator, this OPE will depend on 15 coefficients ai(τ, τ¯).
In section 2.4.4, we will show that these 15 coefficients are independent of the
coupling for BPS operators. It should be noted that for N=1 supersymmetric the-
ories, there exists a supermultiplet of currents [99]. The lowest component of the
multiplet is the R-symmetry current, the middle component is the supercurrent,
while the top component is the stress tensor. The OPE of these currents col-
lectively can be determined in superspace. Our peeling off procedure will match
these known results for the first step taking us from the stress tensor to the su-
percurrent. For a recent discussion of the current supermultiplet and its OPE
structure, see for example, [100].
The stress tensor OPE
The Ward identities (2.31) uniquely determine a class of terms in the OPE of the
stress-energy tensor. The most singular terms in the OPE are given by
Tµν(z)Φ
I(x) ∼ ΦI(x)∂µ∂ν 1























+ . . . , (2.37)
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where . . . stands for less singular terms. These are all the most singular terms
that involve operators in the ΦI supermultiplet. The symbol ∼ in this equa-
tion indicates that we have ignored coefficients. Some of the terms appearing on
the right hand side can have coupling dependent coefficients although the rela-
tive coefficient of the bracketed terms is precise. In particular, those terms that
contribute to the violation of scale invariance will generally be renormalized.
Now we need to express Tµν in terms of the supercharges and O2. From (2.10)

















































Using these relations, after some tedious algebra, we find that
Tµν = (σµ)αα˙(σν)ββ˙{Q¯lβ˙, [Q¯kα˙, {Qjβ, [Qiα, Qijkl]}]}. (2.44)
We have set the irrelevent numerical factor on the right hand side of (2.44)
to one. Note that the right-hand side of (2.44) is manifestly symmetric in µ and
ν, using the fact that the various Q and Q¯ operators anti-commute. Also (2.44)
satisfies T µµ = 0 by construction. These classical constraints are violated quantum
mechanically in accord with (2.31).
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The supercurrent OPE
Given the OPE (2.37), we now want to construct the supercurrent OPE by peeling
off a Q¯. We begin with the following relation:








kα˙, {Qjβ, [Qiα, Qijkl]}]. (2.46)
Note that σ¯µJµi = 0 by construction, satisfying the classical spin-1/2 anomaly
cancellation condition. In deriving these relations, we do not pick up any descen-
dents because the possible descendents involve derivatives of either Rµii or χ
i
ijα,
both of which vanish.
Now let us calculate the contribution of the three-point function to the integral∫
d4z〈Tµν(z)ΦI(x)ΦJ(y)〉, (2.47)
as z → x and also as z → y. Considering only the most singular terms in the




















































(z − y)2 , (2.48)
where Bx(B

y) is a small ball of radius  centered at x(y). From now on, we shall
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+〈ΦK(x)ΦJ(y)〉 [Sλµ∂λ∂ν + Sλν∂λ∂µ]I K 1
(z − x)2
+〈ΦI(x)ΦK(y)〉 [Sλµ∂λ∂ν + Sλν∂λ∂µ]J K 1
(z − y)2 , (2.49)
with the integrals around the various points implied. Now the left hand side
of (2.49) can we rewritten using (2.44) and (2.46),
〈Tµν(z)ΦI(x)ΦJ(y)〉 = (σν)ββ˙〈Jβµl(z)[Q¯lβ˙, ΦI(x)ΦJ(y)]〉. (2.50)
We now want to write down the OPE of Jαµi with Φ
I such that the right-hand
side of (2.50) yields all the terms in (2.49). We make the ansatz
Jαµi(z)Φ





































+less singular terms. (2.51)
We have made this ansatz because all the terms on the right-hand side of (2.50)
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are of the form 〈JΦδ¯Φ〉 while the right hand side of (2.49) behaves as 〈ΦΦ〉∂2( 1
z2
).
It is therefore necessary for the OPE to have the form JΦ ∼ δΦ, so that terms
like 〈δΦδ¯Φ〉 = 〈[Q, Φ]±[Q¯, Φ]±〉 arise on the right hand side of (2.50). Using
{Q¯, Q} ∼ Pµ such terms give derivatives, leading to Pµ〈ΦΦ〉. We need one more
derivative in the OPE in order to match (2.49) which suggests (2.51). Also,
JΦ ∼ δ¯Φ is ruled out by a mismatch of SU(4) indices. Finally, terms with higher
numbers of δ and δ¯ operators have been dropped because they lead to less singular
terms.
We have used the relation [Qiα, Sµν] = [Q¯
jα˙, Sµν] = 0 which can be proven
as follows. the commutator [Qiα, Sµν ] could contain symmetry generators in the
(1/2, 0) or (3/2, 0) representations. However, there are no (3/2, 0) generators and
the only possible (1/2, 0) generator is Qiα. The superconformal generator, S
i
α, is
in the (1/2, 0) representation but is ruled out by its SU(4)R quantum numbers.
So the most general possibility is
[Qiα, Sµν] = ci
j(σµν)α
βQjβ, (2.52)
which, on conjugation, yields







j)∗ = cij. Now consider the Jacobi identity
[Sµν, {Qiα, Q¯jβ˙}] + {Qiα, [Q¯jβ˙, Sµν ]} − {Q¯jβ˙, [Sµν , Qiα]} = 0. (2.54)
Using the relation [Sµν , Pλ] = 0, (2.54) gives
ci
j(σµνσλ)α




λ = 0. (2.55)
Contracting with (σµν)β
α, equation (2.55) yields
ci
j(σµ)β
β˙P µ = 0, (2.56)
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which implies that ci
j = 0. The crucial step is that [Sµν , Pλ] = 0, i.e., momentum
commutes with ‘intrinsic’ angular momentum. On the other hand, for the ‘orbital’
angular momentum, Lµν , we know that
[Lµν , Pλ] = i(ηµλPν − ηνλPµ).
The Jacobi identity (2.54) for Lµν implies that the structure constant, c˜, in
[Qiα, Lµν] satisfies c˜i
j = δi
j. This is exactly as it should be because using
Mµν = Lµν + iSµν , this gives
[Qiα, Mµν ] = (σµν)α
βQiβ.
In summary, inserting (2.51) into (2.50), we obtain (to leading order) all terms
in (2.49). This justifies the OPE (2.51). As a check, we note that from (2.51),
we obtain the supercurrent Ward identity (2.32). Note that the Sµν terms do not
contribute to the Ward identity.
The δ2O2 OPE
Now given (2.51), we want to construct the OPE of δ2O2. So we need to peel off
another δ¯. Restricting to the most singular terms, we first calculate the three-
point function
〈Jαµi(z)ΦI(x)[Q¯j α˙, ΦJ(y)]±〉. (2.57)
Consider the contribution to the correlator as z → x and z → y. To leading





































±iδj i〈ΦK(x)ΦJ(y)〉[Sµνσν + Sρλσµσ¯ρλ]Iαα˙Kδ4(z − x)
±iδj i〈ΦI(x)ΦK(y)〉[Sµνσν + Sρλσµσ¯ρλ]Jαα˙Kδ4(z − y). (2.58)
We also need to make use of the relation
{Qjβ, [Qiα, Qijkl]} = klmnΣαβmn, (2.59)





Using (2.46) and (2.60), the left hand side of (2.58) can be written as
〈Jµαi(z)ΦI(x)[Q¯j α˙, ΦJ(y)]±〉
= ikmn(σ
µ)ββ˙〈Σαβmn(z){Q¯kβ˙, ΦI(x)[Q¯j α˙, ΦJ(y)]±}〉. (2.61)









(z − x)2 (S
νρ)IJ(σµν)α
β[Ql




+less singular terms. (2.62)
Using this ansatz, we can compute (2.61) in a straightforward way. There are
terms of the form 〈[Q, [Q, Φ]], [Q¯, [Q¯, Φ]]〉 which give rise to two derivative terms
like P 2〈ΦΦ〉. At the end, one obtains to leading order, the expression in (2.58).
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If we did not have the ΦI(x)ηµνδ
4(z − x) contact term in (2.37), there would
be no need for the second term in (2.51). However, in this case, the contact terms
in (2.58) which do not involve Sµν would not appear. Then the ansatz of (2.62)
would not work. So this ansatz works consistently only when contact terms are
correctly taken into acount. However, unlike the previous OPE expressions (2.37)
and (2.51), (2.62) is incomplete. There should be more terms in the δ2O2 OPE
(note from (2.38) and (2.39), we see that δ2O2 ∼ Σ). Let us explain why this is
the case.
From the definition of Σ in (2.43), we see that it contains two types of terms:
• γβσµνα γBijµν, which is antisymmetric in ij and symmetric in αβ.
• αβE ij which is symmetric in ij and antisymmetric in αβ.
Clearly any term in the OPE of Σ with any ΦI should be one of these two types.
In fact, any term not of either form will not appear in the OPE. So schematically,
we can write
Σα
βijΦ ∼ σµνα βP [ij]µν + δαβQ(ij). (2.63)
With this definition,
BijµνΦ ∼ P [ij]µν +K[ij]µν , (2.64)
where σµνα
βK[ij]µν = 0 (for example, σ¯α˙µν β˙Z [ij]β˙α˙ is a possible term in K[ij]µν ). Also by
definition
E ijΦ ∼ Q(ij). (2.65)
It is easy to see that all the terms on the right hand side of (2.62) take the form
(σµν)α
βP [ij]Iµν , where

















So all the terms that appear in (2.62) are terms in the OPE of Bijµν with Φ
I .
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This is what we expect because (see (2.10)) under δ¯, Bijµν transforms into J
α
µi,
while E ij vanishes (modulo descendents). Schematically, δ¯B ∼ J and δ¯E ∼ 0.
So on removing a δ¯ from Jαµi in a correlator to obtain the terms in the Σ OPE,
we should only obtain terms in the BΦ OPE since E is in the kernel of δ¯. The
descendent term plays no role because it does not appear in our definition of the
supercurrent (2.46).
From our prior analysis, we do not expect to see terms in the Σ OPE that
arise from E so (2.62) is incomplete. In order to obtain these terms in the OPE
of E ij with ΦI , we make use of the relations
[Qkα, E ij] = δk(iΛj)α, {Qjβ, Λiα} = iδj iδαβOτ ,
[Qi,Oτ ] = ∂µJµi + 2σµσ¯ν∂µJνi, (2.67)




µσ¯ν∂µJνk)β = [Qkα, {Qjβ, [Qiβ, E ij]}]. (2.68)
We have set various numerical factors to one in this relation since their values
will not be relevant in the following analysis. Schematically, (2.68) has the form
δ3E ∼ ∂J so E is related to a current.
Using (2.68), we consider the equality
∂µ〈Jµiα(z)ΦI(x)[Q¯j α˙, ΦJ(y)]±〉+ 2(σµσ¯ν)αβ∂µ〈Jνiβ(z)ΦI(x)[Q¯j α˙, ΦJ(y)]±〉
= 〈Ekl(z){Qkβ, [Qlβ, {Qiα, ΦI(x)[Q¯j α˙, ΦJ(y)]±}]}〉. (2.69)
We will first evaluate the contribution to the correlators on the left-hand side of





= δ4(z − x)〈[Qiα, ΦI(x)]±[Q¯j α˙, ΦJ(y)]±〉
+δ4(z − y)〈ΦI(x)[Qiα, [Q¯j α˙, ΦJ(y)]±]∓〉
+∂zαα˙δ
4(z − x)〈[S¯α˙i − xαα˙Qiα, ΦI(x)]±[Q¯j α˙, ΦJ(y)]±〉
+∂zαα˙δ
4(z − y)〈ΦI(x)[S¯α˙i − yαα˙Qiα, [Q¯jα˙, ΦJ(y)]±]∓〉. (2.70)
Eventually (from (2.5)) the insertion point of Oτ is to be integrated over z. This
simplifies the possible terms that need to be considered in the OPE. Using∫
d4z∂zµδ
4(z − x)f(x) = 0, (2.71)
we see that terms involving derivative(s) acting on delta functions can be ignored.
Hence, to leading order the terms that will be of relevance are given by
∂µ〈Jµiα(z)ΦI(x)[Q¯j α˙, ΦJ(y)]±〉+ 2(σµσ¯ν)αβ∂µ〈Jνiβ(z)ΦI(x)[Q¯j α˙, ΦJ(y)]±〉
∼ [δ4(z − x) + δ4(z − y)]∂αα˙〈ΦI(x)ΦJ(y)〉. (2.72)
Note that all the contributions come from the ∂µJµi term only.
Next we need to evaluate the right hand side of (2.69) as z → x and z → y,
retaining the leading order terms. We make the ansatz
E ij(z)ΦI(x) ∼ 1
(z − x)2 [Q¯
i
α˙, [Q¯
jα˙, ΦI(x)]±]∓ + less singular terms, (2.73)
where the term on the right hand side is symmetric in ij by construction. Inserting
this ansatz into the right hand side of (2.69), we see from (2.70) that the equality
holds to this order. This OPE does not involve any Sµν terms at this order. So























δ + · · · . (2.74)
It is important for our purposes to construct all the less singular terms in (2.74).
This is because we will use the δ2O2 OPE to recursively construct the Oτ OPE
which will have singular terms of different orders. All such terms can contribute
to the integral (2.5). Also, these terms will be needed when we check the consis-
tency of the δ2O2 OPE. Since these terms involve lengthy expressions, we present
them in Appendix C. The complete result for the δ2O2 OPE plays an important
role in our subsequent analysis, so we have also provided a number of checks on
the OPE in Appendix D.
2.3.2 The OPE for Λ and Oτ
The final steps require us to determine the OPE structure for δ3O2 ≡ Λ and
then Oτ ≡ δ4O2 from the δ2O2 OPE. We will first express Oτ in terms of the







(iΛj)γ, {Qjβ, Λiα} = iδj iδαβOτ ,
(2.75)
which can be deduced from (2.10)
The supervariations of all the operators in the current multiplet depend only
on the combination Σ and not on B or E individually. Very schematically,
from (2.10), we see that
δˆχ ∼ Ση + . . . , δˆJ ∼ ∂Ση + . . . , δˆΛ ∼ ∂Ση¯ + . . . . (2.76)
So Oτ can be expressed as δ2 acting on Σ. Explicitly, using the supersymmetry










βij = ijkl{Qmα, [Qnβ, Qmnkl]}+ δαβjklm{Qkγ, [Qnγ , Qnilm]}. (2.78)
Using (2.75), we see that
Λiα = [Qjβ, Σα
βij], (2.79)
and finally we arrive at the desired relation between Oτ and Σ,
Oτ = {Qiα, [Qjβ, Σαβij]}. (2.80)
Now consider the leading terms (2.74) in the Σ OPE. Acting with Qjβ on (2.74)



















+ . . . . (2.81)






















+ . . . . (2.82)
Acting on (2.82) with Qi
α and using (2.80), gives the relation
Oτ (z)ΦI(x) + Λiα(z)[Qiα, ΦI(x)]± (2.83)
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∼ 1







(z − x)2 [Qi
α, [Q¯iα˙, [Q¯
jα˙, [Qjα, Φ
I(x)]±]∓]±]∓ + . . . . (2.84)
On using (2.82) in the second term on the left hand side of (2.83), we arrive at
the most singular terms in the Oτ OPE
Oτ (z)ΦI(x) ∼ a1



















+ . . . . (2.85)
The coefficients, ai, are generally functions of (τ, τ¯). Note also that the contribu-
tions considered so far to the Oτ OPE (2.85) are independent of Sµν.
Some terms in (2.82) and (2.85) can be re-ordered at the expense of introduc-
ing derivatives. This only lengthens the expressions so we will keep the displayed
ordering. To illustrate this point, note that we can re-order (2.85) to give (ignor-
ing the ai coefficients)
Oτ (z)ΦI(x) ∼
(
−4pi2δ4(z − x) + 1
(z − x)2 ∂
2 + 2∂µ
1















jα˙, ΦI(x)]±]∓]±]∓ + . . . .
With this ordering, the leading singularity in the Oτ OPE appears to be a contact
term rather than a power law singularity. Indeed, if we were to permit integration
by parts (allowed, for example, when we integrate over z), all the leading singular
terms can be rewritten as contact terms.
The remaining contributions to the Λ and Oτ OPE can be deduced in a
straightforward way from the expressions in (C.3), (C.6), (C.8) and (C.9). How-
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ever, for simplicity, we will restrict to ΦI which are Lorentz scalars transforming
in any SU(4)R representation. This simplification means that we can set all Sµν
terms to zero. It is a tedious, but straightforward, exercise to determine these
terms should they be needed.






















α˙, {Q¯jβ˙, [Qjβ, Φ(x)]}], (2.86)





























∂ρ{Q¯iα˙, [Q¯jβ˙, {Qiα, [Qjβ, Φ(x)]}]}, (2.87)
where a4, . . . , a9 are undetermined functions of the coupling.
It is easy to see that there are no terms in the OPE of Λ or Oτ with a Lorentz























































×{Q¯iα˙, [Q¯jβ˙, {Q¯kγ˙, [Qkγ, {Qiα, [Qjβ, Φ(x)]}]}]}, (2.89)
where a10, . . . , a15 are further undetermined functions of the coupling. Finally,





γ∂ν [Qjα, {Qlβ, [Qkγ, Φ(x)]}], (2.90)
while there is no corresponding contribution to the Oτ OPE.
In summary, the complete Oτ OPE with a scalar Φ (modulo operators in
different supermultiplets) is given by the sum of the expressions (2.85), (2.87)
and (2.89). The coefficients (a1, . . . , a15) are generally undetermined functions of
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(τ, τ¯).
2.4 Some Properties of Correlation Functions
2.4.1 Operator normalization and contact terms
Now that we have established the form of the Oτ OPE, we turn to the structure
of correlation functions of local operators,
〈OI1(x1) · · ·OIn(xn)〉. (2.91)
We will always consider correlators of operators at separated points. Each cor-
relation function transforms in some representation of SL(2, Z). This need not
be a singlet representation, as shown for correlators involving the Konishi super-
multiplet [101]. However, a correlator of BPS operators should map back to itself
since each BPS operator is uniquely specified by its quantum numbers. Such
a correlator should transform in a singlet representation of SL(2, Z) with fixed
weights (w, w¯). Under the SL(2, Z) transformation, a modular form Θ(w,w¯) in a
singlet representation transforms in the following way:
Θ(w,w¯)(τ, τ¯) → (cτ + d)w(cτ¯ + d)w¯Θ(w,w¯)(τ, τ¯). (2.92)
The weights we assign to BPS operators should be correlated with their U(1)Y
transformation properties in a way described in [77].




















is not modular covariant at first sight. For the moment, let us restrict to cor-
relators transforming in singlet representations of SL(2, Z). Let us examine the
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The operator (2.94) has the same quantum numbers as OIi. In particular, the
conformal dimensions agree. If there is no degeneracy for operators with confor-
mal dimension ∆i then (2.94) must be proportional to O
Ii. This is the case for
short operators. If there is a finite-dimensional degeneracy then we can again
choose a basis of operators for which this statement is true. This leaves us with




OIi = iαIi(τ, τ¯ )
τ2
OIi . (2.95)
Using our final rescaling degree of freedom, we choose to set αIi to a constant.
For the current multiplet, the normalization of all operators is determined by
the definition of Oτ in terms of the action (2.6) together with the (coupling
independent) supersymmetry transformations.
Equation (2.93) must be SL(2, Z) covariant if the correlator transforms in a
singlet representation. It must therefore be the case that summing the tree-level





→ Dw, −iτ2 ∂
∂τ¯
→ Dw¯.



















where (w, w¯) is the weight of the correlation function. These issues have been
discussed in [102].
To see whether this actually happens requires a computation of the tree-level
contact term between Oτ and eachOIi . However, in perturbation theory, precisely
this piece of the contact term is scheme-dependent [103]. However, the full non-
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perturbative theory must require the particular choice consistent with SL(2, Z).
We will assume that this contact term takes the value required by SL(2, Z) for
long operators. Fortunately, for a BPS superconformal primary, we will be able
to determine the weight of the operator (normalized in a particular way) by direct
arguments without recourse to any duality assumptions.
We now use the Oτ OPE given by (2.85), (2.87) and (2.89) to analyze the
coupling dependence of correlators using (2.93). It is difficult to control the
right hand side of (2.93) except for low-point functions where we know the exact
space-time dependence of the correlator. We will consider those special cases in
a moment.
Let us focus on the contribution to the right hand side of (2.93) from z → xi.
This contribution is dominated by the singular terms in the OPE between Oτ
and OIi. The contribution to the integral from z far from xi is also present but
will not be explicitly displayed in the following equation. In other words, we























OIi(xi)〉+ . . ., (2.97)
where Bxj is a ball of radius  surrounding the point xj. The omitted terms refer
to the contribution to the integral from the region outside each ball.
The right hand side of (2.97) is a sum of integrated (n + 1)-point functions.
In an approximation where we neglect the contribution from outside the balls,
we can use the Oτ OPE to replace each (n + 1)-point function by an n-point
function. In cases where we know something about the space-time dependence of
the correlator, this approximation is sufficient to teach us something about the
coupling dependence. This is essentially what we anticipated in the introduction.
It will be interesting to see what information can be gained by using this relation
in conjunction with recent results about the space-time dependence of four–point
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functions [104–106].
2.4.2 Implications for two-point functions
We consider equation (2.97) restricted to two operator insertions. This analysis
will constrain combinations of the ai coefficients defined in section 2.3.2. This is
also a good warm-up for higher point functions. To simplify the Oτ OPE, let us
take the inserted operators to be space-time scalars.
∂
∂τ












d4z〈Oτ (z)O¯(x)O(y)〉+ . . . . (2.98)
Also, we will consider cases where the operator O and its superconformal descen-
dents, δO and δ2O, are conformal primaries. This is automatically the case if O is
a superconformal primary; in this case, O¯ = O. For more general situations, this
restriction rules out the possibility O = δ¯Υ because then δO ∼ ∂µΥ is a confor-
mal descendent. These simplifications will enable us to calculate the correlation
functions appearing on the right hand side of (2.98) with more straightforward
algebra.
We need to first determine the normalization of certain two-point functions.
For any conformal primary Φ,
〈Φ¯(x) δ¯δ Φ(y)〉 = 〈Φ¯(x)Q¯j α˙QjαΦ(y)〉 = 4i∂xαα˙〈Φ¯(x)Φ(y)〉. (2.99)
This follows from conformal invariance; if Φ has conformal dimension ∆ then
δ¯δΦ has dimension ∆ + 1 so the correlator 〈Φ¯(x) δ¯δ Φ(y)〉 vanishes if δ¯δΦ is a
conformal primary. We want to determine the exact coefficient appearing in this
relation. Using the supersymmetry algebra, we find that
〈[Qiα, [Q¯jα˙, Φ¯(x)]±]∓Φ(y)〉 = 2δijP xαα˙〈Φ¯(x)Φ(y)〉+ 〈Φ¯(x)[Qiα, [Q¯jα˙, Φ(y)]±]∓〉.
(2.100)
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We also observe that
〈Φ¯(x)[Qiα, [Q¯jα˙, Φ(y)]±]∓〉
= ∓〈[Qiα, [Q¯jα˙, Φ(y)]±]∓Φ¯(x)〉
= −〈[Qiα, [Q¯jα˙, Φ(x)]±]∓Φ¯(y)〉
= −〈[Qiα, [Q¯jα˙, Φ¯(x)]±]∓Φ(y)〉, (2.101)
which when substituted in (2.100) yields the relation
〈[Qiα, [Q¯jα˙, Φ¯(x)]±]∓Φ(y)〉 = δijP xαα˙〈Φ¯(x)Φ(y)〉. (2.102)
Alternatively, one can deduce (2.102) in the following way: from the general
arguments above, we know that
〈[Qiα, [Q¯j α˙, Φ¯(x)]±]∓Φ(y)〉 = ρδijP xαα˙〈Φ¯(x)Φ(y)〉. (2.103)
The coefficient ρ, should be independent of the inserted operators so we can fix
it by a convenient choice of Φ. We choose Φ = ϕ¯ij in the abelian theory and we
consider
〈{Qkα, [Q¯lα˙, ϕij(x)]}ϕ¯ij(y)〉 = −iρδkl∂xαα˙〈ϕij(x)ϕ¯ij(y)〉. (2.104)




ijklλ¯l, {Qjα, λ¯iα˙} = 4i∂α˙αϕ¯ij,
we see that ρ = 1 in agreement with (2.102). We can similarly deduce
〈[Q¯j α˙, [Qiα, Φ¯(x)]±]∓Φ(y)〉 = δijP xαα˙〈Φ¯(x)Φ(y)〉, (2.105)
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jλi − δkiλj), {Q¯jα˙, λiα} = −4i∂αα˙ϕij.
We now proceed to evaluate the integrals over Bx and B

y in (2.98). Using the
Oτ OPE given by (2.85), (2.87), and (2.89), we can reduce the right hand side
of (2.98) to a collection of two-point functions, which we now evaluate.
We briefly explain the evaluation of one of the correlators, the remaining ones
can be evaluated in a similar way. Consider the a1 correlator in (2.85),
〈{Qiα, [Qjα, {Q¯iα˙, [Q¯jα˙, O¯(x)]}]}O(y)〉 = −〈[Q¯iα˙, O¯(x)]Q¯j α˙Qjα[Qiα,O(y)]〉
= −4i∂xαα˙[Q¯iα˙, O¯(x)][Qiα,O(y)]〉
= 32∂2x〈O¯(x)O(y)〉, (2.106)
where we have twice made use of (2.99). First we chose Φ = [Qi
α,O] (δO is a
conformal primary by assumption) and then repeated the procedure with Φ = O.
All the remaining correlators can be evaluated in a similar way. We list the results
in Appendix E.
Noting that derivatives obtained from {Q, Q¯} ∼ Pµ also act on the 1/r2 and


























+ . . . , (2.107)
where
A = 2(a1 + a3)− 3a2, (2.108)
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C = i (8a10 − 16a11 + 20a12 − 18a13 + 24a14 + 3a15) . (2.109)
Of the fifteen coefficients a1, . . . , a15 in the Oτ OPE, only the three combinations
of (2.108) appear in the final expression. The integrals over Bx and B

y are each
equal to pi22; however, their precise values will not be relevant for us. Note that
for two-point functions, the coupling dependence is related to the space-time
dependence of the same two-point function. This is generically not the case for
higher point functions.
We can now make use of the known space-time dependence of low point
functions (fixed by conformal invariance) to constrain the unknown coefficients
in (2.107). For two non-coincident points x and y and a scalar O, we use the
relation
〈O¯(x)O(y)〉 = η(τ, τ¯)|x− y|2∆(τ,τ¯) (2.110)
where ∆ is the (possibly τ -dependent) conformal dimension of O which we substi-













In order to evaluate the right hand side of (2.93), we use the known form of the
correlator of three fields (with ∆x = ∆y = ∆ and ∆z = 4), which is again fixed
by conformal invariance to be
〈Oτ (z)O¯(x)O(y)〉 = C
τ (τ, τ¯)
|z − x|4|z − y|4|x− y|2∆−4 , (2.112)
which is valid for non-coincident points x, y and z. Equating these expressions
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However, this is not quite correct. In (2.112), we have neglected contact terms
that arise when z → x and z → y. These terms play an important role in our
following analysis, as we shall discuss shortly.
First we need to evaluate the integral on the right hand side of (2.113). This
integral is UV divergent and so needs to be regularized. Following [107], we use
differential regularization. Because z 6= x and z 6= y in (2.112) we can use the












= −2pi2 1|x− y|4 {1− 2ln|x− y|} .
(2.114)
The logarithmic term of [107] appears here in the form ln(M 2x2), where M is a
mass scale. We have set M to one to match the corresponding expression on the
left hand side of (2.113). This equation therefore leads to(
∂
∂τ





ln|x− y| = − ipi
2Cτ
2τ2




− i(αO + αO¯)
τ2
)












where the coefficients αO and αO¯ arise from the last term in (2.113). The second
relation shows that the conformal dimension depends on the coupling only via
the ratio of the correlator of three operators to the correlator of two operators. In
order to see how the contact terms modify (2.113) we now want to compare (2.115)
with (2.107).
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+ . . . . (2.117)
We now want to compare (2.113) and (2.117). This is facilitated by treating
the z integral in (2.113) in the same manner as in (2.117) by dividing it up
into balls, Bxi , surrounding each insertion point, xi, together with the smooth
contribution away from the insertion points. The second term on the right hand
side of (2.117) arises from a contact term between Oτ and the inserted operators.
This is precisely the contact term we neglected in (2.113) so we will not be able
to match this term. For the other terms, the expansion of (2.113) gives
∂
∂τ









(z − x)4(z − y)4 +∫
By
d4z
(z − x)4(z − y)4
]



























(x− y)2∆+4 ). (2.118)
The O(1/(x−y)2∆) terms contain UV divergent integrals. We can again evaluate
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the integrals using differential regularization again [107], which gives∫
Bx
d4z



















since the integral over B0 is independent of x. This is in agreement with (2.117).








d4z(z − x)4, · · · . (2.120)
These integrands are regular as z → x, and so they do not appear in the Oτ OPE
expansion and are absent from (2.117).
Equating the O(1/(x− y)2∆+2) terms in (2.117) and (2.118) gives
Cτ
64η
= (A + B + C)∆(∆− 1). (2.121)
The contact term contribution in (2.117) together with the explicit τ derivative













where we have used (2.121). Note that A + 2C is generally a coupling dependent
function.





(A + B + C)∆(∆− 1). (2.123)
We now argue that contact terms cannot modify (2.123). From the left hand
side of (2.113), we see that any possible contact term contribution to ∂∆
∂τ
must
include a factor of ln|x− y|. However, in finding contact term contributions, we
consider integrals over Bx (and B

y) and pick up the contributions when z = x
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(and z = y). However, these integrals always result in a power series expansion
in 1/|x− y| and not a ln|x− y| term. So no contact term is generated.
2.4.3 Implications for BPS two-point functions
Let us start by considering the case where O is the superconformal primary of
a BPS multiplet; for example, O can be Op for a 1/2 BPS multiplet. Let O be
annihilated by Qαi so [Q
α
i ,O] = 0. In this case, further constraints are implied by
superconformal Ward identities. In the supercurrent Ward identity (2.32), take
ΦI1 = [Q¯iα˙,O] and ΦI2 = O,1
∂µ〈Jαµi(z)[Q¯iα˙,O(x)]O(y)〉 =
{
δ4(z − x)〈{Qαi , [Q¯iα˙,O(x)]}O(y)〉




[Qi,Oτ ] = ∂µJµi + 2σµσ¯ν∂µJνi, (2.125)
the left hand side of (2.124) reduces to
〈[Qiα,Oτ (z)][Q¯iα˙,O(x)]O(y)〉 − 2(σµσ¯ν)αβ∂zµ〈Jνiβ(z)[Q¯iα˙,O(x)]O(y)〉. (2.126)
The second term will vanish when we integrate over z by essentially the same
argument given around (2.70). The left hand side of (2.124) is then proportional
to
∂α˙αx 〈Oτ (z)O(x)O(y)〉. (2.127)
Finally (2.124) yields the coupling independent relation
∂α˙αx 〈Oτ (z)O(x)O(y)〉 ∼
[
δ4(z − x) + δ4(z − y)]∂α˙αx 〈O(x)O(y)〉. (2.128)
1Note that if [Qαi ,O] = 0 then [Q¯iα˙,O] 6= 0. Otherwise, using {Q, Q¯} ∼ ∂µ gives ∂µO = 0
and O must be proportional to the identity operator.
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Integrating over z gives∫
d4z〈Oτ (z)O(x)O(y)〉 ∼ 〈O(x)O(y)〉 (2.129)
(we need not worry about removing the ∂x in going from (2.128) to (2.129) because
we know the precise x-dependence of these correlators). So the only contributions
from the Oτ OPE are contact term contributions which means that
A + B + C = 0 ⇒ ∂∆
∂τ
= 0. (2.130)
We thus recover the known result that the conformal dimensions of BPS super-
conformal primary operators are not renormalized.
To fix the metric on this subsector of BPS operators, we need to note that
the relation (2.124) is independent of the coupling. This is a rather important
point which can be seen as follows. Integrate both sides of (2.124) over z. For
the right hand side, the integration is trivial. The left hand side becomes∫
d4z ∂µ〈Jαµi(z)[Q¯iα˙,O(x)]O(y)〉
= 〈{Qαi , [Q¯iα˙,O(x)]}O(y)〉+ 〈[Q¯iα˙,O(x)][Qαi ,O(y)]〉, (2.131)
so the coefficient of proportionality in (2.124) is just a constant. However, we
also need to note that the supersymmetry variation of a BPS operator is not
quantum corrected, unlike the case of long operators. This follows, essentially,
because the divergence of the supercurrent sits in the same anomaly multiplet as
T µµ . For an example of quantum corrections to the supersymmetry variation of a
long operator, see [92]. The only way a coupling dependence could appear is if x
approaches y and a long operator emerges in the OPE of [Q¯iα˙,O(x)] and O(y).
The quantum corrections to the supervariation of this long operator encodes the
coupling dependence of the correlation function. However, in this case, what
would remain is the one-point function of a long operator which vanishes.
The Ward identity has therefore taught us that the only relevant terms in the
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)η = 0, (2.132)
for some constant α and that A + 2C is a constant independent of the coupling.
Lastly, we can set α to zero in the following way: we need to examine the
solutions to (2.132) and its conjugate equation. A quick inspection reveals that
the only solution for η is a single fixed power of τ2. However, we have the freedom
to rescale O by powers of τ2 in a way compatible with (2.95) (the value of αIi
shifts by such a rescaling). Using this freedom, we set α = 0 in (2.132) and
conclude that η is a constant. With this normalization, each BPS superconformal
primary has modular weight (0, 0). This is consistent with our expectations from
S-duality [77].
The only supermultiplet with a canonical normalization is the current mul-
tiplet. In particular, O2 appears with a single factor of τ2. In this case, we do
not want to use our rescaling freedom to change α. However, using the canonical
normalization, we see that the tree-level two-point function,
〈O2(x)O2(y)〉 ∼ 1|x− y|4 ,
is coupling independent and non-zero. Therefore, in this case we find α = 0
automatically with the canonical normalization. We conclude that two-point
functions of superconformal BPS primary operators are not renormalized. This
statement is non-perturbative and applies to 1/2, 1/4 and 1/8 BPS multiplets.
We might worry that in an instanton background, half of the supersymmetries are
broken so the Ward identities associated with the broken currents are inapplicable.
However, we are still free to choose any Jαµi in (2.124) which is preserved, and the
rest of the argument is unchanged.
We can extend this result to two-point functions of BPS operators which are
not superconformal primaries. This follows fairly directly from [77]. First note
that we are free to move all the δ and δ¯ operators so that they act on one of the
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two inserted operators. We then observe that any two-point function of this kind
satisfies the following relation
〈O(x)δnδ¯mO(y)〉 ∼ δ(n,m) ∂ny 〈O(x)O(y)〉, (2.133)
which follows for the same reasons as (2.99). This two-point function is therefore
also not renormalized.
It is worth noting that there can be contact term contributions to two-point
correlators. These contact terms are renormalized even for BPS operators, as
shown explicitly in [103]. Also, these contact terms can and do appear in cor-
relators like (2.133) even when n 6= m (in which case the correlator vanishes for
separated insertion points).
2.4.4 Implications for BPS three-point functions
Let us consider the three point function 〈OI(x)OJ(y)OK(w)〉 where the opera-
tors are BPS superconformal primaries at separated points. Using the result for
conformal primaries, we define the ring coefficients CIJK,
〈OI(x)OJ(y)OK(w)〉 = C
IJK(τ, τ¯ )
|x− y|∆IJK |x− w|∆IKJ |y − w|∆JKI , (2.134)
where ∆IJK = ∆I + ∆J −∆K and ∂∆I∂τ = 0.












By analogy with the case of the two-point function, consider the Ward iden-
tity (2.32) with ΦI1 = [Q¯iα˙,OI ], ΦI2 = OJ and ΦI3 = OK and where each O is
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annihilated by Qi
α. Repeating our prior argument gives,
∂α˙αx 〈Oτ (z)OI(x)OJ(y)OK(w)〉 ∼[
δ4(z − x) + δ4(z − y) + δ4(z − w)]∂α˙αx 〈OI(x)OJ(y)OK(w)〉, (2.136)
with the constant of proportionality again independent of the coupling. Indeed,
the constant is just the value of the contact term between Oτ and each inserted
operator. This same contact term appeared in the determination of BPS two-
point functions.
In deriving (2.136), we have moved a Q around the correlation function just as
in the discussion around (2.126). If this Q hits a long operator, the relation might
be renormalized. Again, a long operator can only emerge from the OPE of two
of the inserted BPS operators. However, that would leave a two-point function
of a long and a BPS operator which always vanishes. The constant in (2.136) is
therefore not renormalized.
As an aside, we should comment that had we considered a correlator of four
BPS operators, the conclusion would be different. In this case, the Ward identity
no longer guarantees the absence of quantum corrections: a long operator can
emerge from two short operators but now the resulting three-point function need
not vanish. If all possible three-point functions of this kind were to vanish (for
other symmetry reasons) then the four-point function would again be protected
from renormalization.
Returning to the three-point function, we note that integrating (2.136) gives,∫
d4z〈Oτ (z)OI(x)OJ(y)OK(w)〉 ∼ 〈OI(x)OJ(y)OK(w)〉. (2.137)







)CIJK = 0 (2.138)
for some constant α′. Normalizing the operators as in section 2.4.3 so that the
two-point functions are independent of the coupling then trivially implies that
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α′ = 0; the contribution from the explicit derivative together with the contact
term with Oτ vanishes separately for each operator. We conclude that the three-
point functions of BPS superconformal primaries are not renormalized.
Comments on three-point functions of descendents
It turns out that our non-renormalization proof does not extend simply to three-
point correlators of descendents. For the special case of the current multiplet,
the non-renormalization result does extend to descendents. This follows from the
analysis of [79] where correlators of descendents were related to 〈O2(x)O2(y)O2(w)〉
using superconformal symmetry.
For other BPS multiplets, we can demonstrate non-renormalization under
the assumption that (anti-)instanton corrections to the three-point correlator
vanish. The argument uses SL(2, Z) in the following way: any correlator of
superconformal descendents is of the form
〈δrδ¯r¯O1(x)δsδ¯s¯O2(y)δtδ¯ t¯O3(w)〉, (2.139)
where O1,O2 and O3 are BPS superconformal primaries. By moving around the
δ and δ¯ operators, these correlators can always be put in the form
〈O1(x)δmδ¯n¯O2(y)δpδ¯q¯O3(w)〉, (2.140)
or its space-time derivatives. So it is good enough to analyze the coupling depen-
dence of (2.140). Note that neither δmδ¯n¯ nor δpδ¯q¯ yield conformal descendents by
definition (if they do, they would merely become space-time derivatives of cor-
relators like (2.140)). To study the coupling dependence of (2.140), we consider
the OPE of O1(x) and δmδ¯n¯O2(y) as x → y. Assuming (2.140) is non-vanishing




gk(x− y)fk(g2Y M , ∂µ)δuk δ¯vkO3(y) + . . . , (2.141)
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where the omitted terms involve long operators as well as BPS operators which
are not (super)conformal descendents of O3. We assume no instanton corrections
so that fk is independent of θ. All the (super)conformal descendents of O3 are
included in the sum. In the k-th term, uk and vk are non-negative integers and
the OPE coefficients fk(g
2
Y M , ∂µ) are a priori functions of the coupling. Clearly,
the omitted BPS and long operators do not contribute to (2.140). In fact, sub-





(uk+p,vk+q)gk(x− y)fk(g2Y M , ∂µ)∂uk+py 〈O3(y)O3(w)〉. (2.142)
Since 〈O3(y)O3(w)〉 is coupling independent, in order to demonstrate the coupling
independence of (2.140), we need to show that fk(g
2
Y M , ∂µ) is independent of
coupling for every k.
To see this, we consider the SL(2, Z) transformation properties of (2.141). The
BPS superconformal primaries O1,O2 and O3, are SL(2, Z) invariant. Also both
sides of (2.141) transform covariantly under SL(2, Z) because the left hand side
is constructed purely out of BPS operators (Every omitted term involving a long
operator is also expected to transform covariantly, though the coupling dependent
OPE coefficient and the operator need not do so individually). Let δ and δ¯ trans-
form as modular forms of weights (µ,−µ) and (−µ, µ) respectively. That they
have weights of the form (ν,−ν) follows because δδ¯ ∼ ∂µ as far as the SL(2, Z)
structure is concerned and ∂µ is SL(2, Z) invariant. Here the specific value of µ
(which is 1/4) is not needed. Now fk(g
2
Y M , ∂µ) is also a modular form but, by
assumption, it is independent of τ1 = θ/2pi. Hence, it can only be a power of τ2.
So, let fk(g
2
Y M , ∂µ) = τ
k
2 fk(∂µ). So the left hand side of (2.141) transforms as a
modular form of weights ((m− n)µ,−(m− n)µ), while the k-th term on the right
hand side of (2.141) transforms with weights (−k + (uk − vk)µ,−k − (uk − vk)µ).
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Equating these expressions, we find that
(m− n)µ = −k + (uk − vk)µ, (m− n)µ = k + (uk − vk)µ, (2.143)
which leads to k = 0. Hence, (2.140) is independent of the coupling and (2.140)
must have an equal number of δ and δ¯ insertions. Thus the three-point func-
tion of non-coincident BPS superconformal descendents is not renormalized if fk
in (2.141) is independent of τ1.
A simplified integration formula
These results lead to a pretty formula for the integrated OPE of Oτ with a BPS











where O′i(y) is any BPS operator. The left hand side vanishes by our prior non-
renormalization argument. The first term of the right hand side is zero if O′i(y) is
not in the same supermultiplet as O(x). In this case, the integrated three-point
function vanishes.
If O′i(y) is in the same supermultiplet as O(x) then the explicit derivative
term can be non-vanishing but is always proportional to 1/τ2. This term must be
cancelled by the integrated 3-point function which must be exact at tree-level. It
is easy to check that
∫
d4zOτ (z) is zero on-shell so the 3-point function is purely a
contact term.2 The BPS operators in the integrated OPE between Oτ and O are
therefore in the same supermultiplet as O and arise only from tree-level contact
2There is a caveat worth mentioning: to see that
∫
d4zOτ (z) is zero on-shell requires inte-
grating by parts and throwing away a boundary term. In Euclidean space, we could consider
an instanton background in which we might need to consider this boundary term.
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O′i(x) + . . . , (2.145)
where the omitted terms involve long and semi-short operators.
2.4.5 A comment about generic three-point functions


























d4z〈Oτ (z)O(x)Ô(y)O˜(w)〉+ . . . , (2.146)
where . . . includes integrals over By and B

w, and over the region outside the
balls. Again, because we know the precise form of the space-time dependence of
three-point functions, it might be possible to learn about these correlators from
the ball approximation.
After using the Oτ OPE, we note that the correlators on the right hand side
generically involve different operators from those appearing on the left hand side
of (2.146). In order to see this, it is enough to consider a particular term in the






(z − x)2 〈{Qi
α, [Q¯iα˙, {Q¯jα˙, [Qjα,O(x)]}]}Ô(y)O˜(w)〉. (2.147)
For example, take O = O2 and take Ô and O˜ to be superconformal primaries













+ . . . , (2.148)
where . . . includes terms that involve derivatives acting on 1
(z−x)2
. So we see that
the operators involved differ from those in 〈O(x)Ô(y)O˜(w)〉, but they are all
operators in the same supermultiplet (here O2) as the original one. Clearly, this
is also true for higher point functions.
So far we have focussed on those terms in the OPE of Oτ with any operator
which are in the same supermultiplet as the operator itself. In particular, we
explicitly wrote down the OPE of Oτ with only spacetime scalars to keep things
simple. However, clearly there will be many more terms in the OPE when we
consider operators with non–zero spin. Starting with the OPE of Σ and using the
OPEs recursively as we have done, it is an easy but tedious exercise to write down
the most general OPE which we shall not attempt to do. However we shall soon
require such terms in the OPE for certain specific operators and then we shall
write down all the allowed terms. We now use the formalism we have developed
to gain some understanding into correlators in N = 4 Yang–Mills.
2.5 A Curious Truncation and the Λ16 Correlator
Let us consider the space–time effective action in type IIB superstring theory.
Among the consequences of space–time supersymmetry in type IIB string theory






√−ge−φ/2f (12,−12)(τ, τ¯ )Λ16(x) , (2.149)
where φ is the dilaton and Λ is the dilatino, which is a sixteen-component chiral
spinor. The SO(9, 1) Lorentz structure appearing in (2.149) is the unique singlet
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in the product of 16 dilatinos. This interaction is one of the leading corrections
to the type IIB supergravity action in an α′ expansion. The dependence on
the string coupling τ , is encoded in the modular form f (12,−12)(τ, τ¯ ) which has
weights (12,−12). This coupling dependence was conjectured in [108, 109] and
shown to be a consequence of space-time supersymmetry in [110]. As mentioned
before, under an SL(2, Z) transformation, a modular form with weights (w, w¯)
transforms in the following way:
f (w,w¯)(τ, τ¯) → (cτ + d)w(cτ¯ + d)w¯f (w,w¯)(τ, τ¯) . (2.150)
For a detailed review of these issues, see [50].
Via the AdS/CFT correspondence, we are led to consider a particular correla-
tor of sixteen operators in N=4 Yang-Mills which can naturally detect the chiral
space-time interaction (2.149). The operator dual to the dilatino is denoted by
Λiα(x), where α = 1, 2 and i = 1, . . . 4. In N=4 Yang-Mills, this operator is special
because it sits in the current multiplet [96] and in particular, it is BPS. It trans-
forms in the (2, 1, 4) representation of the SU(2)L×SU(2)R×SU(4)R symmetry
group.
The N=4 Yang-Mills correlator we wish to study is,
〈Λi1α1(x1) · · · Λi16α16(x16)〉 . (2.151)
Now, note that from the string theory perspective, this correlator should be
renormalized by (2.149) among other interactions. The instanton contributions
to (2.151) have been investigated in a semiclassical approximation. The one-
instanton contribution was computed for gauge group SU(2) in [111] and for
SU(N) in [112]. These results were extended to multi-instantons in the large
N limit in [113]. Finally, the one-instanton analysis has been extended to more
general correlators in [97]. What is most remarkable about these results is that
they confirm our expectations from string theory using (2.149); for example,
see [114].
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Our aim is to find a field theoretic analogue of the argument given in [110],
where we will make use of results on the coupling dependence in N=4 Yang–Mills
mentioned earlier in the chapter. The argument is applicable to any correlator
of BPS operators. Here, in order to compare with the results of [110], we will
consider the particular example of the Λ16 correlator (2.151). Let us take the





















Let us first focus on the OPE of O¯τ with Λ. The integrated OPE between O¯τ




O′i(x) + . . . , (2.153)
where each O′i is a BPS operator in the current multiplet and the omitted terms
involve long and semi-short operators. The coefficient of each O′i in (2.153) is
coupling independent. The semi-short operators do not develop anomalous di-
mensions [79,87,94,98,115–118], and at least some of these operators correspond
to multi-particle states in supergravity. Our curious truncation is quite simply to
neglect the long operators appearing in (2.153), which leads to a simple algebraic
structure. In other words, we just retain all short and semi-short operators. As
we will discuss later, there is strong motivation for this approximation from the
AdS/CFT correspondence.
In principle, we should determine which semi-short operators appear in (2.153).
For example, there is at least one semi-short operator appearing in (2.153). This
operator is related by supersymmetry to the semi-short operator (transforming
in the 20 of SU(4)R) which appears in the O2(z)O2(x) OPE [98]. However, for
the particular correlators under consideration here, we will not need to explicitly
determine the semi-short contribution.
So we will proceed by substituting (2.153) into (2.152) as an approximation
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to the integrated term and evaluate the right hand side. We can determine which
O′i appear in (2.153) by an exact tree-level computation using the propagators
and explicit operators mentioned before. We learn that∫
d4zO¯τ (z)Λiα(x) ∼ Λiα(x) + σµαα˙J¯ iα˙µ (x) , (2.154)
where the operator J¯ is the supercurrent dual to the gravitino. The constants of
proportionality are independent of the coupling, but scheme-dependent at tree-
level [103]. We will, however, determine the first of these constants later by de-
manding consistency with SL(2, Z). Using the operator normalizations described




















(σµ)αj α˙〈Λi1α1(x1) · · · J¯ ij α˙µ (xj) · · ·Λi16α16(x16)〉 ,
(2.156)
where A and B are constants. We might worry that the right hand side of (2.156)
is always proportional to a sum of contact terms using the Ward identity for the
spin 1/2 anomaly described before. This raises a subtle issue. Indeed, if all the
supercurrents are preserved by the vacuum, which is the case for the topologically
trivial vacuum, then the right hand side of (2.156) is purely a sum of contact
terms. In an instanton background, this is no longer the case since half of the
supersymmetries are broken. When those broken currents appear in (2.156), the
result need not be purely a sum of contact terms since there is no associated
Ward identity.
We will now explain how equation (2.156) meshes with our expectations from





On the other hand, the leading approximation to the right hand side of (2.156)
is suppressed by an extra factor of g2YM. For equation (2.156) to make sense, the
left hand side must vanish at leading order. We will later show that SL(2, Z)
covariance requires A = −6. With this value, the left hand side of (2.156) does
indeed vanish using the semi-classical result (2.157). In principle, there are in-
finitely many checks of (2.156) that involve loop corrections to the semi-classical
instanton result.
Let us examine one term from the right hand side of (2.156). Differentiating





















where we have used
∂
∂τ





Λ = − i
2τ2
Λ . (2.159)
If we are fortunate, we might hope to obtain a pair of coupled differential equa-
tions relating just two correlators. To see whether this is the case, we first need
to evaluate the integrated OPE between Oτ and Λ. Using previous results it is
easy to see that ∫
d4zOτ (z)Λiα(x) ∼ Λiα(x) , (2.160)
where we again neglect long and semi-short operators. The analogous result for
J¯ gives ∫
d4zOτ (z)J¯ iα˙µ (x) ∼ J¯ iα˙µ (x) + (σ¯µ)α˙αΛiα(x) . (2.161)
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where C and D are constants.
Now (2.156) and (2.162) form a system of coupled differential equations in-
volving the Λ16 and J¯Λ15 correlators. Inserting (2.162) into (2.156) gives an



















where E is some constant. This argument, which neglects long and semi-short
operators and uses the OPE expansion in the integrated correlators, gives a result
completely analogous to the supergravity analysis of [110].
Now we will determine A and C under the assumption that SL(2, Z) is an











Using the invariance of δS, we conclude that Oτ has weights (1,−1) while O¯τ has
weights (−1, 1). The current multiplet, in whichOτ sits, is generated by the action
of supercharges on the superconformal primary, O2. We denote the supercharges
by δ and δ¯ following [77]. The operators O2, δ and δ¯ will be assigned modular
weights (p, q), (k, l) and (l, k), respectively. Using the relations Oτ = δ4O2, O¯τ =
δ¯4O2 and the modular weights deduced above we see that
k − l = 1
2
, p = q . (2.165)
From the relation {δ, δ¯} ∼ ∂µ, it follows that δδ¯ must have weights (0, 0) because
taking a space-time derivative is an operation that commutes with SL(2, Z). This
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leads to the relation,
k + l = 0 ⇒ k = 1
4
, l = −1
4
. (2.166)
Using the defining relation for the R-charge, [δ, R] ∼ δ, we see that R has weights
(0, 0). Since R = δδ¯O2, we deduce that p = q = 0.
Therefore Λ = δ3O2 has weights (3/4,−3/4) so that Λ16 has weights (12,−12).
This is in accord with our expectations from gravity. We also see that J¯ has
weights (−1/4, 1/4) so J¯Λ15 has weights (11,−11). To be consistent with SL(2, Z),
the scheme-dependent coefficients A and C must take the values
A = −6 and C = −11
2
, (2.167)
to ensure that (2.163) is modular covariant. From these SL(2, Z) transformation
properties, we can predict some of the tree-level contact terms between Oτ and
Λ or J¯ ∫
d4zOτ (z)Λ(x) = 7
2
Λ(x) + . . . ,∫
d4zO¯τ (z)Λ(x) = 1
2
Λ(x) + . . . ,∫
d4zOτ (z)J¯(x) = 3
2
J¯(x) + . . . ,∫
d4zO¯τ (z)J¯(x) = 5
2
J¯(x) + . . . . (2.168)
The omitted terms are additional current multiplet operators whose coefficients




























We will determine the eigenvalue E by making use of known results in the in-
stanton sector.
To describe the solutions of (2.170), we need to know the domain of τ . In the
full SL(2, Z) invariant theory, τ takes values in the fundamental domain. It is
possible, although it appears unlikely that our truncation of the OPE does not
respect SL(2, Z). We will assume this is not the case since our truncation involves
no regulator and because the neglected long operators are likely to give rise to
different space-time structures. The striking agreement between (2.170) and the
equations from supergravity [110] is further evidence for this assumption.
Assuming power law behavior in τ2 as τ2 →∞, (2.170) has a unique solution
characterized by `. The solutions are given by
f
(12,−12)






(m + nτ)`+25/2(m + nτ¯ )`−23/2
, (2.171)







The leading semi-classical k-instanton contribution to (2.171) has the form,
f
(12,−12)







+ . . . . (2.173)
In order to determine the value of E, we will compare this expression with infor-
mation from semi-classical k-instanton computations in N=4 Yang-Mills. These
were computed in [113] in the large N approximation with the ’t Hooft coupling,
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λ = g2Y MN → 0. It is easy to determine that ` = 1, which gives
E(N →∞) = −525
16
. (2.174)
This answer should also be determinable directly from a one-loop correction to
the one-instanton contribution in the Yang–Mills theory, which is an interesting
computation in its own right.
The instanton computation we are considering picks out a particular space-
time structure in (2.151). This structure agrees with the space-time dependence
found in the gravity computation using the coupling (2.149) (see [111]). The
structure is completely antisymmetric in the sixteen inserted operators. The
precise space-time structure, however, is not important for our discussion. What
is unusual about this result is that the leading behavior at weak coupling (τ2 →
∞) is non-analytic in the Yang-Mills coupling
f
(12,−12)
1 (τ, τ¯) → (τ2)3/2 + . . . . (2.175)
This behavior cannot be seen in standard perturbation theory at fixed N . To
obtain the analytic behavior in the coupling, which we certainly expect in per-
turbative Yang-Mills, there must be a series of corrections to (2.174) in pow-
ers of 1/N . These corrections correspond to additional modular forms beyond
f
(12,−12)
1 (τ, τ¯) whose sum (should they be summable) might give a perturbative
expansion analytic in the coupling, g2Y M .
We also learn from (2.156) that









where the space-time dependence is omitted. As before, equation (2.156) selects
the particular space-time structure that emerges both in gravity and the semi-
classical instanton computation.
The agreement of this analysis with the corresponding supergravity analy-
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sis [110] does not require consideration of semi-short operators. Any contribution
from semi-short operators can be absorbed into a redefinition of the parameters D
and E. However, had we considered the τ rather than τ¯ derivative of (2.151), we
would have been forced to consider semi-short operators. Using the OPE (2.160)
which omits semi-short operators, we would conclude that
D12〈Λ16〉 = 0. (2.177)
This would contradict the result of our analysis. What must correct (2.177) is
a semi-short contribution, which corresponds to a multi-particle state in gravity.
Using the results of [98] extended to Oτ (z)Λ(x), we see that there is a semi-short
operator in the product. This composite operator must be regularized as z → x
along the lines described in [119]. At least heuristically, this gives a contribution
with the desired structure.
2.6 Discussion and Open Problems
Of course it would be nice to understand the structure of the OPE of Oτ in more
generality. We considered only the terms in the OPE which are in the same
supermultiplet as the operator itself. For more general applications, one has to
also know which long and semi–short operators arise in the OPE, and also how
to fix the coupling dependence of the terms involving the long operators in the
OPE. However the method we have used to determine the terms in the OPE
that are in the same supermultiplet as the operator itself does not seem to be
generalizable easily for the cases mentioned above. This is because we started
with the Ward identities for the stress tensor with operators ΦI in the correlator
and the correlators we obtain all either involve ΦI or (Sµν)
I
JΦ
J . So we only get
back the same operators that we start with. The analysis for the Ward identity
involving the supercurrent is similar: starting with ΦI , we get back [Qαi , Φ
I ]±. So
we always get back operators in the same supermultiplet, and naturally when we
peel off supercharges and later put them back to construct the Oτ OPE, we end
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up getting only terms in the same supermultiplet. Thus because of the structure
of the Ward identities, an obvious generalization does not seem to exist to deduce
more generic terms in the Oτ OPE.
We are also left with the fascinating question as to why our truncation of
the OPE is sensible. The agreement with supergravity computations suggests
that our truncation is valid for large N and large ’t Hooft coupling, λ → ∞.
This seems plausible because the AdS/CFT correspondence teaches us that the
anomalous dimensions of many (and perhaps all) long operators become large as
λ →∞. More precisely, the OPE expansion is only valid when Oτ (z) approaches
O(x) so that |z − x| is small compared to the distance between O(x) and any
other inserted operator. In the OPE approximation, a long operator appears in
the form
Oτ (z)O(x) ∼ |z − x|∆L−∆−4OL(x) + . . . , (2.178)
where the BPS operatorO(x) has conformal dimension ∆, while the long operator
OL(x) has dimension ∆L. As λ → ∞, the contribution from the long operator
is therefore suppressed because ∆L → ∞. What this does not explain is why
the OPE approximation to the integral in (2.152) becomes exact as λ → ∞.
It should be noted that the truncation is incompatible with the small ’t Hooft
coupling limit, λ → 0. This follows from the singular perturbative behavior of
f
(12,−12)
1 given in (2.175).
This same truncation procedure can be applied to any correlator of BPS op-
erators. Starting with an n-point function, the procedure yields another n-point
function. Because (2.153) always results in short operators, O′i, in the same su-
permultiplet as O, we always find a closed set of coupled equations (generally
more than two equations) by iterating this procedure. If the semi-short contri-
bution can be controlled or neglected (as in this case), these equations should
encode non-perturbative information about the correlators.
This kind of analysis opens up the possibility that we might be able to learn
about gravity from N=4 Yang-Mills, rather than vice-versa. In particular, recent
developments in supersymmetric Yang-Mills [120] coupled with gravity computa-
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tions [110, 121, 122] suggest that there exist determinable interactions analogous
to (2.149) at higher orders in the α′ expansion. We can hope to learn about these
interactions via this kind of analysis.
Chapter 3
The M2–M5 Brane System and a Generalized Nahm’s
Equation
3.1 Preliminaries
As mentioned in the introduction, it is possible to have branes ending on branes
in both string theory and M theory. In M theory, the boundary of an M2-brane
ending on an M5-brane describes a BPS self–dual string soliton–the classical soli-
ton solution to the five–brane equations of motion has been constructed in [123].
Our aim is to try to analyze the membrane theory and understand the geometry
when multiply coincident M2 branes end on a five–brane.
Similar constructions have been made in string theory. One can have D-
strings ending on D3-branes, and these BPS saturated Bion solutions have been
constructed in [124,125], as spikes in the world volume theory on the D3-branes.
(Similar BPS bounds for dyons have been constructed in [126,127].) The bound-
ary of k coincident D-strings ending on N D3-branes can be interpreted as a k
monopole solution in the SU(N) gauge theory. From the point of view of the
D-string world–volume theory, the corresponding Bogomolnyi equation turns out
to be the Nahm equation [128] for the moduli space of monopoles in the gauge
theory [129] (see also [130–132]).
One can construct solutions to the D-string equations of motion which open
up into a funnel representing the D3-brane [133], obtaining a match between
the D3 and the D1 points of view. Here the transverse coordinates of the D-
strings representing the D3 world–volume define a noncommutative (fuzzy) two
sphere [134]. (D0-branes when placed in a four form field strength background
expand into a fuzzy two sphere as well [135]) . Similar solutions for D-strings
opening into D5-branes has been constructed [136] with the transverse coordinates
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forming a fuzzy four sphere [137,138]. (For D-strings opening into D7-branes with
the transverse coordinates forming a fuzzy six sphere see [139].)
Our aim is to understand something similar for the case of multiple membranes
ending on a fivebrane in M theory. The strategy is to construct “solutions” to
the membrane world–volume theory which represent this configuration and obtain
a funnel–like solution representing a five–brane growing out of the membranes.
However, the world–volume theory of multiple membranes is not known. So we
proceed by using various analogies with D-brane systems, matching the solution
with the soliton solution in [123] and making some consistency checks.
It should be noted that the matrices we describe here are very different from
the ones in Matrix theory [16]. In Matrix theory, the large N limit of the matrices
gives a single membrane, while in our case we represent the degrees of freedom
by N by N matrices.
It is not entirely clear to us whether these matrices should be thought of as
the fundamental variables of the ultraviolet description of multiple membranes, or
some effective description which happens to capture the behavior of the M2-M5
brane system.
We begin by reminding the reader of Nahm’s equation and the D1-brane de-
scription of the D3-D1 system. We then propose a generalization to the M5-M2
system and subject our proposal to a number of consistency checks, including
matching to the self-dual string solution on the M5-brane, an analysis of the
energy of the system, and a study of a particular mode representing transverse
fluctuations of the membranes which we show to be consistent with the interpre-
tation of this configuration as membranes ending on an M5-brane. We end with
a summary and discussion of open problems.
3.2 Review of the D1-D3 System and Nahm’s Equation
Our proposal for the equation describing self-dual string solutions is based on a
generalization of Nahm’s equation for magnetic monopoles. This in turn arises
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as the description of the D1-D3 brane system from the point of view of the D1
world-volume theory [129]. In this section we review the main facts about the
D1-D3 system that we want to generalize in our description of the M2-M5 brane
system.
We first consider N coincident D1-branes ending on a single D3-brane. The
D3 world-volume description of this configuration was found in [124], [123], [125].
We take the D3 world-volume to lie along the directions 0,1,2,3 and the D1 world-
volume to lie along 0,9. The solution corresponding to the stack of N D1-branes




(X1)2 + (X2)2 + (X3)2. (3.1)
From the D1 world-volume point of view the solution has three transverse
scalars X i, i = 1, 2, 3 excited as a function of the spatial world-volume coordinate





ijk[Xj, Xk] = 0. (3.2)
This can be solved by
X i = ± 1
2X9
αi, (3.3)
provided that the αi obey the Lie algebra of SU(2):
[αi, αj] = 2iijkαk. (3.4)
Choosing the αi to be in the N -dimensional irreducible representation of
SU(2) with quadratic Casimir C = N 2− 1, the solution, at fixed X9, describes a













At large N this matches exactly with the result derived from the D3 world-volume
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point of view.
In [133] other evidence is given that the D1 world-volume description gives a
correct description of the D1 ending on a D3-brane. This includes matching of
the energy of the configuration, and the existence of fluctuations in the overall
transverse directions which fluctuate along the D1 and then out into the D3 and
obey the correct higher-dimensional wave equation.
Before moving on to the case of M2-branes ending on the M5-brane, we briefly
review the Nahm construction of the monopole moduli space [128, 140–147].
(There are various ways to analyse the dynamics of magnetic monopoles, of
course, they are all equivalent. These aspects have been discussed more recently
in [148, 149] for the SU(2) monopole.) Let us consider the N monopole moduli
space in SU(2) gauge theory. In terms of the brane configuration mentioned
above, it consists of two D3-branes placed at a distance from each other with a
stack of N D1-branes stretching between them. The distance between the two
D3-branes is the expectation value of the Higgs field, which is the transverse
scalar along the direction of separation of the D3-branes. Note that here we are
considering finitely stretched D1-branes, unlike the analysis above where we had
an infinitely stretched D1-branes ending on a D3-brane. Following the original
construction due to Nahm, we consider the 2N × 2N matrix
∆(~x, s) = i
d
ds
1N×N ⊗ 12×2 + (xi + X i(~x, s))N×N ⊗ σi2×2, (3.6)
where s ∈ [−1, 1] and ~x ∈ R3. Actually s will turn out to be the direction along
which the D branes are separated (X9 in the notation of the discussion above).
In the D brane picture, −1 and 1 which are the end points of the interval along
which s is defined, are the positions of the two D3-branes. The matrices X i
(i = 1, . . . , 3) are not be confused with the coordinates xi. This operator can be
thought of as a Dirac operator and we need to solve the Dirac equation for the
conjugate of this operator
∆†(~x, s)v(~x, s) = 0. (3.7)
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In other words, we have to construct v, the kernel of ∆†. Here v is a 2N × 2
matrix, normalized such that∫ 1
−1
dsv†(~x, s)v(~x, s) = 12×2. (3.8)
Demanding that ∆†∆ commutes with the quaternions leads to a non–trivial con-






ijk[Xj, Xk] = 0, (3.9)
which is the Nahm equation. One can construct the monopole fields in terms of









dsv†(~x, s)∂iv(~x, s). (3.11)
In fact one can go ahead and check that they satisfy the Bogomolnyi constraint
~B = ~DΦ. This gives an explicit construction of the monopole moduli space. In the
Nahm construction, the matrices X i(~x, s) are smooth in the domain s ∈ (−1, 1)
and are singular only at the end points −1 and 1 of the interval. In fact the
singularity is a simple pole and is of the form
X i(s) ∼ α
i
s∓ 1 , (3.12)
as s → ±1, and αi is in the N -dimensional irreducible representation of SU(2).
Note that for the infinitely stretched D1-branes in the discusion above, this was
precisely the form of the solution that we reviewed that arose from the fuzzy two
sphere geometry.
Having reviewed the Nahm equation, we now turn to our proposed generaliza-
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tion of Nahm’s equations and the description of the M2-M5-brane juncture from
the M2 world-volume point of view. A different modification of Nahm’s equation
relevant to the D2-D4 system has been studied in [150].
3.3 The M2-M5 system
3.3.1 A generalized Nahm’s equation
We first recall the description of N M2-branes ending on an M5-brane from the
M5 world-volume point of view. This is given by the self–dual string soliton
constructed in [123]. This solution has one collective coordinate on the five–
brane world–volume theory excited–it is the direction along which the membranes




where R is the distance in the five–brane world–volume. So this collective coordi-
nate represents a “ridge” solution in the M5-brane theory. This solution is valid
for large R, when the fields in the M5-brane theory are slowly varying. We now
construct an ansatz for the membrane world–volume theory valid near the core
of the ridge (large s) which satisfies this condition. We shall later explain the
validity of matching the solutions which are naively valid in different regimes.
To generalize Nahm’s equation to this situation we want an equation which
has SO(4) symmetry (rather than the SO(3) symmetry of Nahm’s equation),
which has translation symmetry, which constructs the M5-brane using a fuzzy
construction of the three-sphere, and which gives the correct result for the physical
radius of the M2-M5 brane configuration as determined by the self-dual string
soliton solution.
The construction of a fuzzy three-sphere is discussed in Appendix A following
the original construction in [157]. The algebra is constructed in terms of rep-










) representations respectively with n an odd integer. The dimension of
R = R+ ⊕ R− is N = (n + 1)(n + 3)/2. The coordinates on the fuzzy S3 are
N×N matrices Gi which map R+ to R− and R− to R+. The matrix G5 is given
in terms of the difference of projection operators onto these representations,
G5 = PR+ − PR− . (3.14)
As discussed in [158], there are three closely related algebras related to the
Gi. One is the algebra generated by taking arbitrary products of the Gi. The
second is the algebra of N by N complex matrices, MatN (C), which contains the
first algebra as a subalgebra. Finally, there is a projection of the Matrix algebra
which in the large N limit agrees with the classical algebra of functions on S3.
It is not entirely clear to us which of these three algebras should be used in our
construction. For the purposes of this paper we use MatN (C) but keep in mind
the possibility that future developments may require a refinement of this choice.











j, Xk, X l] = 0, (3.15)
where the quantum Nambu 4-bracket is defined by




This structure has appeared in other attempts to define an odd quantum Nambu
bracket [151], [152], [153].
Actually, for the solutions we will discuss, all 4! terms in the 4-bracket are
equal, and so there are many equivalent ways that one could write the equation.
The 4-bracket has the most natural mathematical form, but future developments
may prefer some other form of the equation which is equivalent on the solution
we describe below.
The equation (3.15) is manifestly SO(4) invariant as a result of the SO(4)
78
action on the fuzzy S3. It is also clearly invariant under translations taking
X i → X i + viI with I the identity matrix.
The equation (3.15) should be the Bogomolnyi equation for the membrane
theory and should follow from the vanishing of the supersymmetry variation of
the fermion fields, that is from the BPS condition.
We will study the equation (3.15) on the semi-infinite interval s ∈ [0,∞)
which is appropriate to semi-infinite M2-branes terminating on an M5-brane. In
analogy to Nahm’s equation, it would also be interesting to study this equation
on the finite interval s ∈ [−1, 1] which would correspond to finite M2-branes
suspended between M5-branes. In this case the discussion below suggests that
the proper boundary conditions are that
X i(s) ∼ G
i
√
s± 1 , (3.17)
where the Gi are defined in Appendix A.
3.3.2 Comparison to the Self-Dual String Solution
We now construct a solution of (3.15) that represents N M2-branes ending on
a single M5-brane. To do this we make an ansatz for X i in terms of a radial










where M11 is the eleven dimensional Planck mass. Then, using the identities in






Sending X i → G5X i, we get (3.15) with a relative minus sign between the two
terms, describing the solution for anti–self dual strings.
79






















The quantities s and R in (3.18) and (3.21) have the same interpretation as the






which is precisely of the form (3.13).
3.3.3 Energy and Action
Given the Nahm equation, it is natural to define the energy of this static config-



























where T2 = M
3
11/(2pi)
2 is the membrane tension and we have integrated over the
spacelike membrane worldvolume directions, where σ1 = σ and σ2 = s. To make
translation invariance explicit this equation should more properly be written in
terms of Nambu brackets. However, these reduce to the above for our solution
and hence we will simplify the analysis and presentation by assuming from now
on that the equations we write apply to configurations for which {G5, X i} = 0.
From the generalized Nahm equation and the energy, we see that the X is can
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be interpreted as transverse coordinates to the membranes and (3.18) represents
a funnel solution of the membranes opening into the fivebrane, while s does
represent the direction along the membranes and orthogonal to the five–brane.
The classical solution (3.18) is independent of the direction along which the self

















and the energy density linearizes. The second term in this expression is a bound-
ary term localized on the self dual string. In the large N limit using the various






where T5 = M
6
11/(2pi)
5 is the five–brane tension, and L is the length of the self
dual string. The energy has separated into two contributions–the first term is
from the N membranes while the second term is from the single five–brane (both
of these terms diverge because of infinite volume, but the energy densities have
the correct values). The ansatz for the membrane is valid at the core, but as
N → ∞, it matches the solution even away from the core. The fact that the
energy becomes the sum of the two contributions rests on the fact that the BPS
condition is obeyed, and is a consistency check for our ansatz.
From the non–linear expression for the energy (3.23) (and also from certain
terms in the action which we shall write down later), it is clear that a Taylor
expansion in powers of X i is possible only when M 611Rˆ
6  1, i.e., R √NM−111 .
Thus, for N → ∞, R can be large as well. So in the large N limit, we have a
region of overlap between the five-brane and the membrane descriptions, which
justifies matching the solutions for these theories as discussed below (3.13).






















































, H ijk = Qijk + Qkij + Qjki. (3.27)
Note that the projection matrix G5 has dropped out of the expression. Though
it is difficult to write down the complete action for multiple membranes, using


































+ . . .
]1/2
, (3.28)







, HLMN = QLMN + QNLM + QMNL, and σa (a = 1 to
3) are the world–volume coordinates of the membranes.
3.3.4 Membrane Fluctuations
We now perform an analysis of the simplest possible fluctuations of the mem-
branes. This will enable us to make a consistency check that this system indeed
describes membranes ending on a five–brane. The fluctuations we consider are the
overall transverse fluctuations of the system–these are fluctuations δXm where
m runs over the four spatial indices transverse to both the membranes and the
five–brane. A related analysis of scattering in this system can be found in [154].
In spite of knowing only a few terms in the membrane action (3.28), we shall
be able to make some statements about membrane fluctuations. Consistency
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checks with the system of D-strings ending on D3-branes will also be helpful.
For the D-brane system, suppose that we did not know the exact DBI action
for the D-strings, but only knew some of the terms in the action by considering
D-strings ending on a D3-brane given in [136]. We could then try to write down
a covariant form for these terms (as we have done in going from (3.26) to (3.28)),
and hope to study linearized fluctuations of the D-strings [133]. Now in the
linearized fluctuation analysis, we are essentially looking at the D-brane theory
as dimensional reduction of ten dimensional super Yang–Mills, i.e., keeping only
the quartic potential term alongwith the kinetic terms.
Similarly, in our case, we need to consider a generalization of the membrane









Clearly the first two terms under the square root in the action (3.29) can be






i.e., from the determinant of the pullback of the metric to the worldvolume coor-
dinates. This is because, in flat space, in static gauge,
P [G]ab = ηab + ∂aX
M∂bX
M , (3.31)
which gives rise to the kinetic terms in (3.29) when (3.31) is inserted in (3.30)
(this is essentially the Nambu–Goto part of the membrane action). So we take
(3.30) to generalize the kinetic terms in (3.29) (we shall discuss the potential
term shortly). Using the classical solution X i = RˆGi, where Rˆ = 1/
√
s, we can
compute (3.30) keeping upto terms quadratic in the fluctuations.
We consider the fluctuation δXm(t, s, σ) = fm(t, s, σ)1N , i.e., fluctuations
proportional to the identity. Clearly these are the simplest fluctuations that we
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H −H(∂tfm)2 + (∂sfm)2 + H(∂σfm)2, (3.32)
where





(This actually resembles the form of the similar terms in the action for the D
string theory.)
Now we consider the contribution of the potential term to the action. The part
of it involving QijkH ijk contributes to the classical background and can possibly
change the first term in (3.32), i.e., the coefficient of the 1/s3 term in H, but not
the Hs multiplying (∂tf
m)2 and (∂σf
m)2. So this will not change the equation of
motion for fluctuations and is irrelevant for our purposes.1 Now let us turn to the
contribution of the potential term to the fluctuations. Because δXm = fm1N , we
get that (keeping only terms quadratic in the fluctuations)
QLMNHLMN = 4(fm)2[X i, Xj]2. (3.34)









(The analogue of the potential term contributing to fluctuations proportional
to the identity is absent for the D string theory.) We now proceed to evaluate
[X i, Xj]2 = [Gi, Gj]2/s2 = 4(Gij)2/s2.
Using the definition (F.4), it is easy to show that [(Gij)2, Gkl] = 0, and using
1In the D-brane case, there is actually no change as this occurs as an overall factor–
presumably the same is true here, which can be checked if the complete membrane action
is known.
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the invariance of (Gij)2 under chirality flip Γ5 → −Γ5, it follows that
[Gi, Gj]2 = 2GiGjGiGj − 2N2(PR+ + PR−) ∼ (PR+ + PR−), (3.36)









In addition to the relations listed in (F.8), we also need the relations
∑
r 6=s6=t





(Γi ⊗ Γi)(P+ ⊗ P+)sym =
∑
i
(Γi ⊗ Γi)(P− ⊗ P−)sym = 0. (3.38)
Thus we obtain that
GiGjGiGjPR+ = (n + 1)(n




[Gi, Gj]2 = −(n + 1)(n
3 + 5n2 + 19n + 23)
2
. (3.40)
Inserting (3.40) into the action in (3.35) and keeping upto terms quadratic in the
fluctuations, we obtain the equation for linearized fluctuations
(H∂2t − ∂2s −H∂2σ)fm(t, s, σ) +
(n + 1)(n3 + 5n2 + 19n + 23)
4s2
fm(t, s, σ) = 0.
(3.41)
Now our configuration should have two distinct interpretations in two distinct
limits–as s → ∞, it should represent multiple membranes while as s → 0, it
should represent the fivebrane, with the self–dual string in its world–volume. We
show that this structure is consistent with (3.41). As s → ∞, (3.41) trivially
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reduces to
(−∂2t + ∂2s + ∂2σ)fm = 0, (3.42)
representing free plane waves propagating in the membrane world–volume having
SO(2, 1) symmetry.
As in similar treatments of other brane systems [124, 133], the s → 0 limit is
strictly speaking outside the range of validity of our approximations, but nonethe-
less correctly matches on to the free wave equation we expect from the M5-brane
point of view. To see this, we note that as s → 0 (i.e., as R →∞), the 1/s3 term
in H dominates and (3.41) yields









This precisely represents free plane waves propagating in the five–brane world–
volume having SO(1, 1)× SO(4) symmetry due to the presence of the self–dual
string.2 Thus the structure of the action, which was crucial in obtaining (3.41)
, is consistent with the interpretation of the system as membranes ending on a
five–brane.
Ideally one would like to do a general analysis of fluctuations of the fuzzy
three sphere. However, apart from the fuzzy two sphere, it is difficult to do
so for all other cases. For the fuzzy two sphere, the analysis was done by [156]
where generic fluctuations were characterized by symmetric traceless polynomials
in the equivalents of the Gis (which satisfy the Lie algebra of SU(2) for the fuzzy
two sphere). However, for all other cases, the Gis by themselves do not close
to form a Lie algebra, and one has to add other matrices transforming in other
representations as well to make the algebra close, and generic fluctuations involve
polynomials built from all the matrices.
2Note that the potential term in (3.41) drops out in both the s →∞ and the s → 0 limits.
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3.4 Discussion and Open Problems
We have proposed an equation that describes an M2-brane ending on an M5-brane
from the M2 world-volume point of view. This generalizes Nahm’s equation which
describes a D1-brane ending on a D3-brane.
In this equation the membrane degrees of freedom are represented by N by
N matrices. On the other hand, there are various indications that N membranes
in M-theory have N 3/2 degrees of freedom. How can we reconcile this with our
proposal?
The D1-brane theory is free in the ultraviolet and strongly coupled in the
infrared. The derivation of Nahm’s equation as a BPS condition for configura-
tions of the D1-brane follows from analysis of the classical action, and hence is
strictly speaking only valid in the ultraviolet, that is for very short D1-branes,
or equivalently for light monopoles (from the D3-brane point of view). However,
the non-renormalization theorems of N = 4 supersymmetry guarantee that many
results derived from the analysis of Nahm’s equation will continue to hold even
in the infrared, that is for heavy monopoles.
We believe that something similar may be at work in the M2-brane system.
The counting of N 3/2 degrees of freedom [68, 69] is a counting of the infrared
degrees of freedom of the theory. This same result holds for D2-branes (see e.g.
the discussion in section 6.1 of [46]), and they clearly have a UV description
in terms of matrix degrees of freedom. Similarly, there may be a description of
multiple M2-branes by matrices in the UV which flows to a superconformal theory
in the IR with N3/2 degrees of freedom. It is also possible that our description by
matrices obeying the algebra of the fuzzy three-sphere is only some approximation
to the correct description.
We have tried to reduce our system directly to the usual Nahm equation by
reducing the M2-M5 system to the D1-D3 system through compactification and
T-duality. Unfortunately we have not been able to obtain the Nahm equation in a
straightforward way. It may be that the relationship between the UV description
of M2 and D2-branes is more subtle than a direct identification of the two matrix
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descriptions.
It would be interesting to try to use our generalization of the Nahm equation
for self–dual strings to study their moduli space, as has been done for monopoles.
The Nahm data also allow one to reconstruct the monopole solution on the D3-
brane world-volume. It would be interesting to see if our generalization could be
used to give some clues as to the form of the non-Abelian tensor theory which
governs M5-brane dynamics. As mentioned earlier, it would also be interesting
to explore solutions to our equation on a finite interval which should represent
finite length M2-branes suspended between M5-branes.
Appendix A
The Superconformal Algebra
In this Appendix, we briefly review the superconformal algebra in four dimensions.
With metric ηµν = diag(−1, 1, 1, 1), the conformal algebra SO(4, 2) in d = 4 is
given by the commutation relations
[Mµν , Pσ] = i(ηµσPν − ηνσPµ), [Mµν , Kσ] = i(ηµσKν − ηνσKµ),
[Mµν , Mρσ] = i(ηµρMνσ − ηνρMµσ − ηµσMνρ + ηνσMµρ), (A.1)
[D, Pµ] = iPµ, [D, Kµ] = −iKµ, [Kµ, Pν] = −2iMµν − 2iηµνD,
where Mµν , Pµ, Kµ and D are the generators of Lorentz transformations, trans-
lations, special conformal transformations and dilations, respectively. In d = 4,
the conformal algebra SO(4, 2) can be extended to the superconformal algebra
SU(2, 2|4) by the inclusion of the supersymmetry charges Qiα, Q¯iα˙ and super-
conformal charges Siα, S¯α˙i , where i = 1, . . . , 4. These charges transform in the
(anti-)fundamental representation of the global SU(4) R-symmetry group. We
denote the generators of the R-symmetry group by Rij subject to the condition
Rii = 0. The non-zero anti-commutation relations between the supersymmetry
charges and the superconformal charges are given by
{Qiα, Q¯jα˙} = 2δji σµαα˙Pµ, {S¯α˙i , Sjα} = 2δji σ¯α˙αµ Kµ,
{Qiα, Sjβ} = 4[δji (Mαβ − i2δαβD)− δαβRji ], (A.2)








where the Lorentz generators are expressed in a spinorial basis,
Mα











The non-zero commutation relations involving Mα
β, M¯ α˙β˙, the supersymmetry
charges, and superconformal charges are given by
[Mα
β, Qiγ] = δγ







γ˙ ] = −δα˙γ˙Q¯iβ˙ + 12δα˙β˙Q¯iγ˙ , [M¯ α˙β˙, S¯
γ˙















δ − δαδMγβ, (A.4)
[M¯ α˙β˙, M¯
γ˙
δ˙] = −δα˙δ˙M¯ γ˙β˙ + δγ˙β˙M¯ α˙δ˙.
The non-zero commutation relations involving the dilation operator, the su-










[D, Siα] = − i
2




Those involving Pµ and Kµ are
[Kµ, Qiα] = −σµαα˙S¯α˙i , [Kµ, Q¯iα˙] = Siασµαα˙,
[Pµ, S¯
α˙
i ] = −σ¯α˙αµ Qiα, [Pµ, Siα] = Q¯iα˙σ¯α˙αµ . (A.6)







l − δilRkj, (A.7)
and their commutation relations with the super(conformal) charges
[Rij, Qkα] = δ
i














For unitary representations of the superconformal algebra, these operators satisfy
the conditions
Qiα
† = Q¯iα˙, S
iα† = S¯α˙i , Mα
β† = M¯ β˙α˙, R
i
j
† = Rji. (A.9)
Appendix B
The Properties and Construction of Short Multiplets
The short multiplet has special properties which can be deduced from the su-
perconformal algebra. For example, states have conformal dimensions that are
protected from renormalization. In this Appendix, we will deduce some of these
properties while describing the explicit construction of the multiplet. Our dis-
cussion again follows [94]. We will need these explicit results in the main text so,
for completeness, we list them here.
First, we give explicit representatives for Mα















where J3, J± (and J¯3, J¯±) satisfy the standard commutation relations of SU(2),
we see that (B.1) satisfies the commutation relations (A.4).
We can also express Rij in terms of the SU(4)R generators in the Chevalley
basis. That is, for every simple root αi (i = 1, 2, 3), we take ladder operators
E±i = E±α
i
and a Cartan generator hi chosen to satisfy
[hi, hj] = 0, [E+i, E−i] = δijh
j, [hi, E














We can express any weight vector ~λ in terms of the fundamental weights with
integral coefficients specified by the Dynkin label [λ1, λ2, λ3]. Acting on the weight
vector, we note that
hi|~λ〉 = λi|~λ〉. (B.5)
Thus every representation has a highest weight state satisfying
hi|λ1, λ2, λ3〉hw = λi|λ1, λ2, λ3〉hw, (B.6)
and
E+i|λ1, λ2, λ3〉hw = 0. (B.7)
The matrices Rij can be constructed, and it is not hard to check that the defining
relations (A.7) are satisfied by its entries.
Now that we have explicit forms for the generators, we see that the the last
two equations of (A.2) yield non-trivial constraints on the conformal dimension
of a short superconformal primary state. Using the defining property (2.8), we
see that for i = 1, 2
1
4




δli − Rli + jδli 0
0 ∆
2
δli − Rli − jδli
)







|k, p, q; j − 1, ¯〉hw,
= 0. (B.8)
The conformal dimension, ∆, satisfies
D|k, p, q; j, ¯〉hw = i∆|k, p, q; j, ¯〉hw.










(2p + q), k = 0. (B.10)
Similarly, from the Q¯jα˙ constraint for j = 3, 4, we find that ¯ = 0, q = 0 and
∆ = p. So the superconformal primary state of a short multiplet is given by
[0, p, 0](0,0) with conformal dimension ∆ = p.
We now summarize the construction of the short multiplets by acting with
the superymmetry charges Qiα and Q¯
j
α˙ (i = 3, 4; j = 1, 2) on the superconformal
primary state [0, p, 0](0,0). It will be very convenient to use the Racah-Speiser
algorithm for decomposing tensor products of representations (see Appendix B
of [94] for a review and various applications). The statement of the algorithm goes
as follows: given two representations RΛ and RΛ′ (where RΛ is the representation
with highest weight vector Λ = [λ1, · · · , λr], with r the rank of the group), the
tensor product is given by




where VΛ′ consists of all the weight vectors for all the states in RΛ′ .
The algorithm further tells us that on the right hand side of (B.11),
Rλ = sign(σ)Rλσ , λ
σ = σ(λ + ρ)− ρ. (B.12)
Here σ is an element of the Weyl group and ρ is the Weyl vector. So using this
algorithm we can construct the tensor product of two representations, where from
(B.12), we note that representations for which λ = λσ and sign(σ) = −1 vanish
from the right hand side of (B.11) and so do not exist in the tensor product
decomposition.
In our applications, it tells us that when we are acting with the various su-
percharges on a general representation [k, p, q](j,¯), we naively get all possible
representations [k′, p′, q′](j′,¯′) obtained by adding the weights of the supercharges
to [k, p, q](j,¯). Of the resulting representations, the ones where (k
′, p′, q′, j ′, ¯′)
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are all non-negative are to be kept. The other representations will have negative
Dynkin labels. Some them vanish identically using (B.12). The others we can re-
move using the equations of motion or conservation laws (we will see an example
of this shortly).
So we need to know the Dynkin labels of the various supercharges. They can
be obtained by computing [hi, Qjα], [h
i, Sjα] which gives,
Q1α ∼ [1, 0, 0](± 1
2
,0), Q2α ∼ [−1, 1, 0](± 1
2
,0),
Q3α ∼ [0,−1, 1](± 1
2
,0), Q4α ∼ [0, 0,−1](± 1
2
,0),
S1α ∼ [−1, 0, 0](± 1
2
,0), S
2α ∼ [1,−1, 0](± 1
2
,0),
S3α ∼ [0, 1,−1](± 1
2
,0), S
4α ∼ [0, 0, 1](± 1
2
,0), (B.13)
and for the conjugates,




α˙ ∼ [1,−1, 0](0,± 1
2
),




α˙ ∼ [0, 0, 1](0,± 1
2
),




2 ∼ [−1, 1, 0](0,± 1
2
),




4 ∼ [0, 0,−1](0,± 1
2
). (B.14)
We can now go ahead with the construction of the short multiplet. Acting on the
superconformal primary state with the Q operators yields
[0, p, 0](0,0)
Q→ [0, p−1, 1]( 1
2
,0)
Q2→ [0, p− 2, 2](0,0)
[0, p− 1, 1](0,0)
Q3→ [0, p−2, 1]( 1
2
,0)
Q4→ [0, p−2, 0](0,0),
(B.15)
while acting with the Q¯ operators on the highest weight states of the various
representations yields
[0, p, q](j,0)
Q¯→ [1, p−1, q](j, 1
2
)
Q¯2→ [2, p− 2, q](j,0)
[0, p− 1, q](j,1)
Q¯3→ [1, p−2, q](j, 1
2
)
Q¯4→ [0, p−2, q](j,0).
(B.16)
These results lead to diagram for arbitrary p.
Appendix C
The Subleading Terms in the δ2O2 OPE
In this Appendix, we determine the subleading singular terms in (2.74). One
way to obtain all the remaining terms in (2.74) would be to consider all the less
singular terms in (2.37) and (2.51) and repeat our prior analysis. However, that
is a rather complicated route since there are many subleading terms in (2.37)
and (2.51)!
So we shall proceed by a different route. Because in (2.74), the leading term
goes like ∼ 1/|z−x|2, all the possible subleading terms go like ∼ 1/|z−x|. So the
number of these terms is far less than the number of subleading terms in (2.37)
or (2.51). Also, as discussed before, we saw from (2.63) that only terms with
specific properties under SO(3, 1) and SU(4)R arise in the OPE – this drastically
reduces the possible subleading terms in (2.74). So we shall directly write down
all possible terms that go like ∼ 1/|z − x| in (2.74) consistent with the various








At O(1/(z−x)), the following terms are the only possibilities consistent with the













We now list the O(1/(z − x)) terms in the OPE for each of these cases (we
































































jβ˙, ΦJ(x)]±]∓ + permutations. (C.3)
Unlike leading order where there are no E type Sµν terms, there are Sµν terms
of both E and B type at this order. There are several B type Sµν terms –
for brevity, we have written one for each distinct structure, with the remaining
independent terms generated by permutations. For example, by permutation, we









































































γ , [Qkδ, Φ
J(x)]±]∓ + permutations,(C.6)







γ , [Qkδ, Φ
J(x)]±]∓. (C.7)




















































































































































































θ, [Q¯j)θ˙, ΦJ(x)]±]∓]±]∓ + . . . ,




Note that every E term is an Sµν term. Also this is the only case where the








θ, [Q¯j)θ˙, ΦJ(x)]±]∓]±]∓. (C.10)
So including all these additional terms, we have the complete OPE of δ2O2.
The leading terms are given in (2.74), while the subleading terms are given
in (C.3), (C.6), (C.8) and (C.9).
Appendix D
Some Consistency Checks of the δ2O2 OPE
Since the δ2O2 OPE plays an important role in our analysis, we will perform
some consistency checks of this OPE here. The checks will involve computing the
OPE of E with selected operators.
D.1 E(z)Λ¯(x) in free field theory
We consider the Λ¯ = δ¯3O2 operator which is given by
Λ¯i




and we want to compute
Ekl(z)Λ¯iα˙(x), (D.2)
in the free field theory, where E is given by
E ij = 1
g2Y M
λiλj. (D.3)
A straightforward calculation yields that










(x)− (k ↔ l), (D.4)
to leading order, where we have used the free fermion propagator (2.25). We now
show that the leading term in (2.74) given by
Ekl(z)Λ¯iα˙(x) ∼ 1
(z − x)2 [Q¯
k
β˙, {Q¯lβ˙, Λ¯iα˙(x)}], (D.5)
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gives us (D.4) on integrating by parts. Since we will eventually integrate over z,
equivalence up to total derivatives is sufficient for us.
Using the relations
{Q¯iα˙, Λ¯jβ˙} = δj iα˙β˙Oτ¯ , [Q¯i, O¯τ ] = ∂µJ¯ iµ + 2σ¯µσν∂µJ¯ iν, (D.6)
we see that (D.5) gives
Ekl(z)Λ¯iα˙(x) ∼ − 2δi
l
(z − x)2 (σ¯
µν)α˙β˙∂µJ¯
kβ˙
ν (x)− (k ↔ l). (D.7)
Now J¯ iα˙µ is given by





























(x) + (k ↔ l), (D.9)
where we have integrated by parts. The total contribution from the second and
the third terms in (D.8) cancels. So we see that up to an overall numerical fac-
tor, (D.4) and (D.9) match exactly – demonstrating the existence of the leading
term in the E OPE in (2.74).
D.2 E(z)δ¯O2(x) in free field theory
We consider this example because it is a case where the subleading terms in the
E OPE are needed for agreement with direct free field computations. Start with










to leading order and compute in free field theory













This expression can also be written as






















Λ¯, which is not the correct term; hence we can conclude its coefficient
vanishes. Similarly, all the coefficients of all terms in (C.3), (C.6) and (C.8) must
vanish as well.
Finally, we consider the terms in (C.9), whose contribution 1
z2
δ3δ¯χ¯ contains
J and χ. So we need to find the terms in (C.9) that reproduce (D.12) – these









Many of the E type Sµν term contributions in (C.9) vanish identically for this
choice of Sµν . For simplicity, we consider a particular non-vanishing term in (C.9).
We shall see that this term is sufficient to reproduce the structures appearing
in (D.12). However, we will not calculate any precise coefficients since other
terms in (C.9) can also give rise to the terms of (D.12) (also, the algebra is quite
cumbersome).
Consider the term in (C.9) given by





γ, {Qpδ, [Qsθ, {Q¯l)θ˙, χ¯β˙ijm(x)}]}]. (D.14)
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In order to proceed, we need the supersymmetry transformations from (2.10)




































as well as (2.38), (2.39), (2.40), (2.41) and (2.42). We then calculate (D.14) with
a liberal use of integration by parts. After some tedious calculations, we see that
there are only three distinct structures that contribute:
ijp(kχl)mpα(x)∂
α˙α 1













(z − x)2 . (D.20)
We will explain the meaning of the formal expression (D.20) momentarily. It is
useful to rewrite the χ term contributions using the relations






























is not linearly independent.)
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We now consider the formal expression (D.20) and evaluate it. Using the















ν = ηµν . Now the second term in this expression, when inserted
in (D.20), vanishes on integrating by parts because on-shell
∂α˙α
1










(x) = 0. (D.25)













α × . . .
= 0. (D.26)














(z − x)2 .
(D.27)











From the expressions (D.21), (D.22) and (D.28), it is easy to see that we get all
the terms in (D.12). This provides constraints on the OPE coefficients from the




















We can now physically see the role of the last term in (D.29). Without this term,





(z − x)2 , (D.30)
which does not appear on the left hand side of (D.29). Also, E and χ¯ are both
elements of the current multiplet which closes on-shell and so their OPE should
involve only operators in the current multiplet, which is seen to be the case.
D.3 The E(z)T (x) OPE
The prior two checks of the δ2O2 OPE involved free field theory. This final check
involves the full interacting theory. Let us consider the leading terms in the OPE
of the stress tensor with E , i.e., the T (z)E(x) OPE. Clearly, these terms (with z
and x interchanged) should appear in the E(z)T (x) OPE and we will demonstrate
that this is the case.
First consider the TE OPE. From (2.37) we see that, to leading order,
Tµν(z)E ij(x) ∼ E ij(x)∂µ∂ν 1
(z − x)2 + E
ij(x)ηµνδ
4(z − x). (D.31)
Now consider the terms in the ET OPE. Since
δ¯2T ∼ B¯, δ¯3δT ∼ B¯ + E¯, δ3δ¯T ∼ B + E ,
we see that only terms from (C.9) can be non-zero again. All the coefficients
from (2.74), (C.3), (C.6) and (C.8) must vanish. Among the terms in (C.9), we
consider the contribution of two terms to the ET OPE. First consider
E ij(z)Tµν(x) ∼ iklm(i(σλρ)γδ rσ
r2
(σσ)θθ˙ ×
{Qlγ, [Qkδ, {Qmθ, [Q¯j)θ˙, (SλρT )µν(x)]}]}, (D.32)
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where
(SλρT )µν = −i(ηρµTλν − ηλµTρν + ηρνTµλ − ηλνTµρ). (D.33)
Using the supersymmetry variations of (2.10),
[Q¯i, Tµν ] = σ¯µλ∂
λJ¯ iν + σ¯νλ∂
λJ¯ iµ, (D.34)

















and (2.39), we can evaluate (D.32). To simplify the computation, let us restrict
to on-shell non-vanishing contributions. Any additional contributions will only
change the value of the coefficients. On integrating by parts and using ∂µR
µi
j = 0
(on-shell), we see that (D.32) becomes









Next consider another term in the ET OPE given by




{Qlγ, [Qkδ, {Qmθ, [Q¯j)θ˙, (SλρT )µν(x)]}]}. (D.38)
Again evaluating this term gives









In this way, we recover the TE OPE structure from the ET OPE.
Appendix E
Some Useful Two-Point Functions
In this Appendix, we list the results for the various two-point functions needed
in section 2.4.2. All derivatives act on x. For cases with δ2δ¯2 insertions:
〈{Qiα, [Q¯iα˙, {Q¯jα˙, [Qjα, O¯(x)}]}]O(y)〉
= −48∂2〈O¯(x)O(y)〉,
〈{Q¯iα˙, [Q¯jα˙, {Qiα, [Qjα, O¯(x)}]}]O(y)〉
= 32∂2〈O¯(x)O(y)〉,
(σµν)α








β(σ¯µρ)α˙β˙〈{Qiα, [Q¯iα˙, {Q¯jβ˙, [Qjβ, O¯(x)]}]}O(y)〉
= −4(ηρν∂2 − 4∂ν∂ρ)〈O¯(x)O(y)〉.
For cases with δ3δ¯3 insertions, we find that
(σµ)ββ˙〈{Qiα, [Qjα, {Q¯iα˙, [Q¯jα˙, {Q¯kβ˙, [Qkβ, O¯(x)]}]}]}O(y)〉
= 128i∂µ∂
2〈O¯(x)O(y)〉,
(σµ)ββ˙〈{Qiα, [Q¯iα˙, {Q¯jα˙, [Q¯kβ˙, {Qkβ, [Qjα, O¯(x)]}]}]}O(y)〉
= −256i∂µ∂2〈O¯(x)O(y)〉,





















The Fuzzy Three Sphere
By analogy to the string theory constructions, it is natural to think that the four
transverse coordinates to the self dual string parametrizing the five–brane world–
volume form a fuzzy three sphere. The fuzzy three sphere has been constructed
in [157] in the context of solving the equations of motion for fields in the world–
volume theory of non-BPS D0 branes in a background with non-vanishing five
form flux in the IIB theory. The three sphere construction has been generalized
for odd fuzzy spheres in [158, 159].
We review and derive a few results for the fuzzy three sphere which will be
useful later. We follow the notation in [157–159]. Consider the N × N matrices
Gi (i = 1 to 4) where N = (n+1)(n+3)
2















i) = (Γi ⊗ . . .⊗ 1 + . . . + 1⊗ . . .⊗ Γi)sym, (F.2)
where sym stands for the completely symmetrized n−fold tensor product repre-
sentation of spin(4). Also P± =
1
2
(1 ± Γ5), and PR+,PR− are projection opera-
tors onto the irreducible representations R+,R− respectively of spin(4). Using









representations respectively. Also consider the matrix G5 given by
G5 = PR+ − PR− . (F.3)
(For n = 1, the matrices Gi and G5 become Γ
i and Γ5 respectively.) So the
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In contrast to the case of even fuzzy spheres, for odd fuzzy spheres we must
deal with a reducible representation R = R+ ⊗ R−. The Gi are elements of
End(R). We can write Gi = Gi+ + Gi− with Gi± = 12(1±G5)Gi and then Gi± act
as homomorphisms from R∓ to R±.
Using the above definitions, it follows that
ijkl[G5G
iGjGkGl, Gmn] = 0. (F.5)
So, ijklG5G
iGjGkGl is proportional to the identity operator in each irreducible
representation, and using the symmetry under chirality flip (Γ5 → −Γ5), it follows
that ijklG5G
iGjGkGl is proportional to the identity operator, i.e.
ijklG5G
iGjGkGl ∼ (PR+ + PR−). (F.6)
We now proceed to calculate the proportionality constant (which is a function of











The various terms in (F.7) can be simplified using the relations listed below. (A

















(Γi ⊗ Γi)(P+ ⊗ P−)sym = 2(P− ⊗ P+)sym,∑
ij
(Γij ⊗ Γji)(P+ ⊗ P+)sym = 4(P+ ⊗ P+)sym. (F.8)























klP+)PR+ = 2(n + 1)(n− 1)PR+. (F.9)
Plugging the expressions in (F.9) into the various terms in (F.7) finally gives us
ijklG5G
iGjGkGl = 4(n + 1)(2n + 1)(PR+ + PR−). (F.10)
Now the operators act on the space R given by the direct sum R = R+ ⊕ R−.
Let PR be the corresponding projection operator given by PR = PR+ + PR− .
Thus (F.8) leads to
ijklG5G
iGjGkGlPR = 4(n + 1)(2n + 1)PR. (F.11)
So we write
ijklG5G
iGjGkGl = 4(n + 1)(2n + 1), (F.12)
where the right hand side means the identity operator, which we shall not be
writing explicitly in such cases. This helps us to deduce the structure of the
operator ijklG5G
jGkGl which will be useful to us later. From general grounds,
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the only possible structure of this operator can be
ijklG5G
jGkGl = f(n)Gi + g(n)G5G
i. (F.13)
(Note that g(1) = 0.) Contracting both sides with Gi and using the relation [158,
159]
(Gi)2 =




{(n + 3)f(n) + 8(2n + 1)} = (n + 3)g(n)G5, (F.15)
from which it follows that
f(n) = −8(2n + 1)
(n + 3)
, g(n) = 0, (F.16)






jGkGl = 0. (F.17)
Such a solution to the matrix equation (F.17) has been observed in [153].
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